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Abstract. Ritt studied the functional decomposition of a univariate 
complex polynomial / into prime (indecomposable) polynomials, / = 
ui o U2 o ■ ■ ■ o Ur- His main achievement was a procedure for obtaining 
any decomposition of / from any other by repeatedly applying certain 
transformations. However, Ritt's results provide no control on the num- 
ber of times one must apply the basic transformations, which makes his 
procedure unsuitable for many theoretical and algorithmic applications. 
We solve this problem by giving a new description of the collection of 
all decompositions of a polynomial. One consequence is as follows: if / 
has degree n > 1 but / is not conjugate by a linear polynomial to either 
X" or ±T„ (with r„ the Chebychev polynomial) , and if the composition 
a o 6 of polynomials a, b is the k^^ iterate of / for some k > log2(n + 2), 
then either a = /ocor6 = co / for some polynomial c. This result 
has been used by Ghioca, Tucker and Zieve to describe the polynomials 
/, g having orbits with infinite intersection; our results have also been 
used by Medevedev and Scanlon to describe the afhne curves invari- 
ant under a coordinatewise polynomial action. Ritt also proved that 
the sequence (deg(ui), . . . ,deg{ur)) is uniquely determined by /, up to 
permutation. We show that in fact, up to permutation, the sequence 
of permutation groups (G(iii), . . . , G{ur)) is uniquely determined by /, 
where G{u) = Ga.l{u{X)—t, C{t)). This generalizes both Ritt's invariant 
and an invariant discovered by Beardon and Ng, which turns out to be 
equivalent to the subsequence of cyclic groups among the G{ui). 



1. Introduction 

Around 1920, Fatou, Julia and Ritt made profound investigations of func- 
tional equations. For instance, each of them wrote at length on commuting 
polynomials, namely /, 5 € C[A] such that f o g = g o f ■ This is a particular 
instance of the general functional equation F = fi o ■ ■ ■ o = gi o ■ ■ ■ o 
with fi,gj € C[A] \ C, which Ritt studied intensively [31]. Ritt's strategy 
was to write each nonlinear /j and composition of minimal-degree 

nonlinear polynomials, thereby obtaining two expressions of F as a com- 
position of such 'prime' polynomials. This led him to study the extent of 
nonuniqueness of the 'prime factorization' of a polynomial under the oper- 
ation of composition. 

The 'primes' under this operation are the indecomposable polynomials, 
namely those u € C[X] with deg(M) > 1 which cannot be written as the 
composition of polynomials of strictly lower degrees. Given / € C[X] with 
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deg(/) > 1, a complete decomposition of / is a finite sequence (ui, . . . , Uj-) of 
indecomposable polynomials Ui G C[X] such that f = ui o ■ ■ ■ o Ur- Clearly 
such a complete decomposition always exists if deg(/) > 1; however, it need 
not be unique. 

Ritt gave a procedure for obtaining all complete decompositions of / 
from a single such decomposition. Specifically, he showed that any complete 
decomposition of / can be obtained from any other via a finite sequence 
of steps, each of which involves replacing two adjacent indecomposables by 
two others which have the same composition. He then solved the equation 
a o b = coffin indecomposable a,b,c,d £ C[X]. Up to composing with 
linears, the only solutions are the trivial a o b = a o b and the nontrivial 

(1.1) X" o = o X" 

(1-2) TnOTm=TmOTn, 

where h G C[X] and n,s,m are positive integers. The polynomial r„ in 
(jl.2p is the Chebychev polynomial, whose definition and basic properties are 
recalled in Section [3l We may view (jl.ip as the least common generalization 
of the fact that X"- o X* = X* o X" and the fact that the square of an odd 
polynomial is even. 

Ritt's results are analogous to the classical result in knot theory that 
any two knot diagrams belonging to the same knot can be obtained from 
one another by a sequence of certain basic transformations known as Rei- 
demeister moves. Since in general there is no known bound on the number 
of Reidemeister moves required, this result does not resolve the problem of 
determining whether two knot diagrams belong to the same knot. How- 
ever, the result has been useful in the study of invariants of knots, since 
any quantity which is unchanged by Reidemeister moves is necessarily a 
knot invariant. Likewise, Ritt's reults do not yield any bound on the num- 
ber of Ritt moves required to pass between two complete decompositions. 
On the other hand, Ritt's results can be used to determine decomposition 
invariants. For instance, by inspecting the solutions ofao6 = co(iin inde- 
composable a, b,c,dG C[X], we see that the degrees of o and b are the same 
as those of c and d, although possibly in reversed order. It follows from 
Ritt's procedure that the sequence of degrees of the indecomposables in a 
complete decomposition of / is uniquely determined (up to permutation) by 
/. Beardon and Ng [5] used the same method to exhibit another invariant: 
given any complete decomposition f = uio ■ ■ ■ oUr, they showed that the se- 
quence (#ro(tii), . . . , (tir)) is uniquely determined (up to permutation) 
by /, where Tq{u) is the set of linear H. G C[X] such that u o i = u. Our 
first result presents a new invariant which simultaneously generalizes Ritt's 
degree invariant and the Beardon-Ng invariant. 

Definition. For u G C[X] \ C, the monodromy group Mon(n) is the Galois 
group of u{X) — t over C(t), viewed as a group of permutations of the roots 
of u{X) - t. 
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Theorem 1.3. Pick f E C[X] with deg(/) > 1. Let {ui, . . . ,Ur) and 
(vi, . . . ,Vs) be two complete decompositions of f. Then r = s, and there 
is a permutation x of the set {1,2,..., r} such that Mon(nj) and Mon(t;^(j)) 
are isomorphic permutation groups for all 1 < i < r. 

We will show that ^TQ{ui) = 1 unless Mon(nj) is cyclic, in which case 
#ro(Mi) = #Mon(Mj); thus, the Beardon-Ng invariant is equivalent to the 
subsequence of cyclic groups in the sequence (Mon(ui), . . . ,Mon(nr)). 

Ritt generalized his solution ofao6 = codin indecomposable a, b, c, d 
to give a similar description of all solutions to this equation which satisfy 
deg(a) = deg(d) and gcd(deg(a), deg(c)) = 1 (but without assuming in- 
decomposability) . This result has been applied to a variety of topics, for 
instance: 

• The classification of all /, € for which the Diophantine equa- 
tion f{X) = g{Y) has infinitely many integer solutions [7]; 

• The classification of f,g G C[X] such that f^^{A) = g^^{B) for 
some infinite compact sets A,BcC |29j : 

• The description of K[f] n K[g] and K{f) n K{g) for arbitrary f,gG 
K[X], where is a field of characteristic zero [3j; 

• A proof that, for / € C((X)) \ C{X), the set of positive integers m 
for which f{X"^) € C(X)[/] consists of the powers of a single integer 

m- 

However, to date there have been no applications of Ritt's procedure for 
passing from one complete decomposition to another (except for the deriva- 
tion of the invariants mentioned above). Our main results transform Ritt's 
procedure into an applicable form. We give a new method for describing all 
complete decompositions of a polynomial. Unlike Ritt's procedure, in our 
procedure one can determine in advance exactly how many steps one must 
perform. 

Our method is as follows. We first write the polynomial / as the com- 
position of polynomials of two types, which we call blocks: either inde- 
composable polynomials which cannot be transformed into or T„ by 
composing with linears, or (possibly decomposable) polynomials which can 
be so transformed. Then, when possible, we combine adjacent blocks of the 
form ii o X" o £2 (with the ii linear), so long as their composition again has 
this form; and we combine Chebychev blocks similarly. There can be many 
different decompositions of X^, since it is the composition (in any order) of 
the various X^ where p runs through the prime factors of n counted with 
multiplicities; similar remarks apply to r„. We obtain complete decompo- 
sitions of / by inserting all such complete decompositions of each X^ or T„ 
block. These typically comprise all complete decompositions of /. There 
are only two ways to obtain further complete decompositions: first, if an X^ 
block is adjacent to a Tm block, and if the linears between X" and have 
appropriate composition, then we can move a degree-2 factor from one block 
to the other (since X'^ is the composition of T2 with linears); however, we 
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will show that after one degree-2 factor has been moved, no further degree-2 
factors can be moved in the same direction. And second, if an X"' block is 
adjacent to an indecomposable of a special form, then we can use (|l.ip to 
effectively move an X'^ sub-block to the other side of the indecomposable; 
typically this will change the form of the indecomposable, but we will show 
that if k is chosen maximally then no further sub-block of the remaining 
j^n/k switch sides with the transformed indecomposable. We will give 
a detailed exposition of our procedure in Section HI 

One application of our results is to the decomposition of iterates of a 
polynomial. Here we write /^'^^ for the e*^ iterate of /, or in other words the 
e^^ power of / under the operation of composition. By convention f^^'^ = X, 
and for a linear i G C[X] we write for the inverse of £, which is again 
a linear polynomial. 

Theorem 1.4. Pick f G C[X] of degree n > 1, and suppose there is no linear 
£ G C[X] for which £o f o 6"^) is either X" or T„ or -r„. // a, 6 G C[X] 
satisfy a ob = f^^'^ for some e > 1, then 

a = f^Ka and 6 = 6o/<j) and a o 6 = /<^> 

for some a,b ^ C[X] and i,j,k > with k < log2(?T- + 2). 

This result says that if e > log2(n.-|-2) then every decomposition aob = f^'^^ 
can be obtained from some decomposition of /(Liog2(n+2)J> 

composing on 

the outside with several copies of /. The bound on k can be improved to 
k < [log2('T-)J if n 7^ 6, but in Example 14.91 we will show that the bound 
cannot be improved further if n = 2'" -|- 2 with m > 3. We will prove a 
refined version of Theorem ll.4l in Section [H as a consequence of the stronger 
Theorem 14.71 

Theorem 11.41 is one of the key ingredients in the companion paper [17] , in 
which the following is proved: 

Theorem 1.5. For Xo,yo S C, if f,g & C[X] are nonlinear and the orbits 
{xq, f{xo), f{f{xo)), ...} and {yo, givo), g{g{yo)), ■■■} have infinite intersec- 
tion, then f and g have a common iterate. 

This question can be translated into a decomposition problem as follows. 
Supposing for simplicity that xq, yo G 7, and f,g£ '^[X], the hypothesis im- 
plies that for any i,j > the equation = g^^\Y) has infinitely many 
solutions in integers X, Y. By Siegel's theorem, it follows that /^*^oa = g^^'^ob 
for some nonconstant a,b (z C{X) which are Laurent polynomials (i.e., ratio- 
nal functions whose denominator is a power of X). Since Ritt's results have 
been generalized to the setting of Laurent polynomials [7l[30l[40], this gives 
information about decompositions of /^*^ and g^^\ which leads to the ap- 
plication of Theorem 11.41 In an earlier paper [T6| , Theorem 11.51 was proved 
in case deg(/) = deg{g); in this special case, the polynomial decomposi- 
tion arguments simplify dramatically (essentially because of Corollary 12. Oh . 
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However, the full strength of the results of the present paper seems to be 
needed to prove Theorem 11.51 in general. 

Another application of the results of this paper was found by Medvedev 
and Scanlon: combining our results with a model-theoretic result of Chatzi- 
dakis and Hrushovski, they described the subvarieties of A*^ preserved by 
a coordinatewise polynomial map (xi, . . . , Xn) ^ (/i(xi), . . . , fn{xn)) with 
fiGC[X]. 

Ritt's results are not well understood: in many treatments the statements 
of Ritt's results are either false [51115^124] or weaker than the original versions 
[HEKinKiaElIlSlllelllH]. in light of this, we have included simphfied 
accounts of Ritt's proofs (in modern language) in the present paper. 

Ritt's proofs have two distinct flavors. His solution oiaob = cod uses 
that the curve a{X) = c{Y) has genus zero; by expressing this genus in 
terms of the ramification in the covers corresponding to b and d, 

one obtains a system of equations satisfied by the ramification indices, and 
the main work is to solve this system. See the appendix for a simplified 
version of this argument. Ritt's proof of his iterative procedure uses Galois 
theory to translate the problem to a question about cyclic groups. We 
give an account of this in the next section, and by extending the method we 
prove Theorem 11.31 and other results. In Section[3]we give various properties 
of the special polynomials occurring in (jl.ip and (|1.2p . We prove our main 
results in Section HI Then in the final section we briefiy survey related topics, 
including decomposition of rational functions, decomposition of polynomials 
over arbitrary fields, decomposition algorithms, and monodromy groups of 
indecomposable polynomials. 

Acknowledgements: The first author thanks Dragos Ghioca and Tom Tucker 
for a stimulating collaboration on the paper [16j, which led to a conjectural 
version of Theorem 11.41 proving this conjecture was the initial motivation 
for the research presented in this paper. The authors thank Avi Wigderson 
for suggesting the analogy with knot theory. 

2. Monodromy groups and Ritt's first theorem 

In this section we present a Galois-theoretic framework which enables us 
to translate many questions about polynomial decomposition into questions 
about subgroups of cyclic groups. In particular, we prove Ritt's result that 
one can pass from any complete decomposition of / to any other via finitely 
many changes of the following form: 

Definition. If (ui, . . . , u^) and (fi, . . . , Vr) are complete decompositions of 
a polynomial / € C [X] , then we say they are Ritt neighbors if there exists i 
with 1 < i < r such that 

• Uj = Vj for j ^ + 1}, and 
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Theorem 2.1. Pick f G C[X] with deg(/) > 1. If U and V are complete 
decompositions of f , then there is a finite sequence S of complete decompo- 
sitions of f such that U,V S and every pair of consecutive decompositions 
in S are Ritt neighbors. 

We use the following notation in this section. 

• / is a nonconstant polynomial in C[X] 

• S is the set of pairs (a, b) G C[X]^ such that ao b = f 

• t is transcendental over C 

• L is the splitting field of /(X) — t over C(t) 

• a; is a root of f{X) — t in L 

• G is the monodromy group Mon(/) = Gal(L/C(t)) 

• H is stabilizer of x in G, namely H = Gal(L/C(x)) 

2.1. General formalism. We begin by reviewing the Galois-theoretic frame- 
work developed by Ritt [H] for addressing polynomial decomposition prob- 
lems. Our presentation is a modernized and simplified version of Ritt's. 

Lemma 2.2. The map p: {a,b) i— > C(6(x)) is a surjection from S onto the 
set of fields between C(x) and C(t). For d € C[X], we have p{{a,b)) = 
C{d{x)) if and only if there is a linear I G C[X] such that d = £ o b, in 
which case / = (a o o d. Moreover, [C{x) : C{b{x))] = deg(5) and 

[C(6(x)):C(i)] =deg(a). 

Proof. Let S be a field between C(x) and C{t). By Liiroth's theorem, E = 
C{b{x)) for some b G C{X). Since E is unchanged if we replace 6 by ^ o 6 
where i G C{X) has degree one, we may assume 6(oo) = oo. Since t = f{x) 
lies in C(6(x)), we have f{X) = a{b{X)) for some a G C{X). Now X = oo 
is the unique preimage of oo under /, and b{oo) = oo, so X = oo is the 
unique preimage of oo under each of a{X) and b{X). Thus a{X) and b{X) 
are polynomials, so p is surjective. 

By Gauss's lemma, f{X) — t is irreducible over C{t), so [C{x) ■C{t)] = 
deg(/). This argument implies the final statement of the result. Moreover, 
for d G C[X] and (a, b) G S, we have C(6(x)) = C{d{x)) if and only iid = £ob 
and b = £ o d for some £,£ C{X); then i and i have degree one, and since 
b and d are polynomials it follows that i is linear. □ 

This result enables us to translate questions about decompositions of / 
into questions about intermediate fields between C(x) and C{t). Here we 
define a decomposition of / to be a sequence (ai, . . . , Or) where / = aio- • -oar 
and each aj G C[X] satisfies deg(ai) > 1 (we do not require the to be 
indecomposable). Such a decomposition corresponds to the chain of fields 
C(x) D C{ar{x)) D C{ar-i o ar{x)) D ■ ■ ■ D C(ai o • • • o ar{x)). Letting 9 
denote this map from decompositions of / to decreasing chains of fields from 
C(x) to C(i), we now describe the decompositions which map to the same 
chain of fields. 
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Definition. For / G C[X], we say two decompositions (ai,...,aj.) and 
(bi, . . . ,bs) of / are equivalent iir = s and there are linear io, . . . ,£r G C[X], 
with £q = ir = X, sucli that bi = ii-i o l\ for \ < i <r. 

This is an instance of the category-theoretic notion of equivalence of two 
factorizations of an arrow. Our next result follows from Lemma |2.2[ 

Corollary 2.3. The map 9 induces a bijection between equivalence classes 
of decompositions of f and decreasing chains of fields from C(x) to C(t). 
If the decomposition {ai, . . . ,ar) corresponds to the chain of fields C{x) = 
Er > Er-i > ■■■ > Eq = C{t), then [Ei : Ei^i] = deg(ai) forl<i<r. 

We have reduced the study of decompositions of / to the study of decreas- 
ing chains of fields from C(x) to C{t). As usual, the latter is equivalent to 
the study of increasing chains of groups from H to G. Concretely, the map 
W I— > C(x)^ is a bijection from the set of groups between H and G to the 
set of fields between C(x) and C(t), and : = [C{x)^^ : C{x)^^] for 
any groups Wi, W2 with H < W2 < Wi < G. Since there are only finitely 
many groups between H and G, this implies the following. 

Corollary 2.4. There are only finitely many equivalence classes of decom- 
positions of f . 

We make one further reduction. Let / be the inertia group at a place 
of L lying over t = cxo, so / is a cyclic subgroup of G, and moreover / is 
transitive (since t = 00 is totally ramified in C{x)/C{t)). Alternately, we 
could define I to be the Galois group of f{X) — t over C((l/t)), so / is 
cyclic because any finite extension of C((l/t)) is cyclic, and / is transitive 
because the monic polynomial whose roots are the reciprocals of the roots 
of f{X) — t is Eisenstein over C[[l/i]] and hence irreducible over C{{l/t)). 

The following simple lemma reduces the study of decompositions of / to 
the study of increasing chains of groups from 1 to /. 

Lemma 2.5. Let I be a cyclic subgroup of the finite group G, and let H 
be a subgroup of G such that G = HI and H f] I = 1. For any group W 
between H and G, we have W = HJ where J = W Dl. Conversely, for any 
subgroup J of I, the set HJ is a group if and only if HJ = JH , in which 
case \HJ : H\ = \ J\. 

Corollary 2.6. For groups Wi and W2 between H and G, write Ji := WiDl; 
then 

(2.6.1) <Wi,W2> = HJ1J2. 

(2.6.2) \<Wi, W2> : H\ = lcm(|T^i : H^ \W2 : H\). 

(2.6.3) \G:<Wi,W2>\ = gcd(|G : |G : WsD- 

(2.6.4) Wlf^W2 = H{Ji n J2). 

(2.6.5) \{WinW2):H\ = gcd{\Wi : H\,\W2 : H\). 

(2.6.6) If\Wi\ = \W2\, then Wi = W2. 

(2.6.7) NGiH)<NG(Wi). 
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Proof. We have HJ1J2 = J1HJ2 = J1J2H, so <Wi,W2> = HJ1J2, which 
imphes ^Ml), and ^3). Since T^i n n / = Ji n J2, we obtain 

(j2.61 4) and (|2.61 5). For (12.6[ 6). note that / has at most one subgroup of 
a given order. Finally, for r G Ng{H) we have H < W{ < G, so (I2.6[ 7) 
follows from 1^6). □ 

Remark 2.7. Corollary 12.31 is implicit in [31^ §2] and explicit in [261 §3]. 
Corollary [231 is due to Ritt [HI p. 55]. 

2.2. Greatest common divisors and Ritt's first theorem. In this sub- 
section we prove Ritt's result (Theorem 12. ip describing how to obtain any 
complete decomposition of / from any other. We then deduce that the 
sequence of monodromy groups of the indecomposables in a complete de- 
composition of / is uniquely determined (up to permutation) by /. Our first 
result describes the left and right greatest common divisors of two decom- 
positions. 

Lemma 2.8. // a, b,c,d £ C[X] \ C satisfy a o h = c o d, then there exist 
d, b, c, d,g,h G C[X] such that 

• god = a, g oc = c, deg{g) = gcd(deg(a), deg(c)); 

• boh = b, doh = d, deg(/i) = gcd(deg(6), deg(d)); and 

• dob = CO d. 

Proof. Let o, b,c,d£ C[X] \ C satisfy aob = cod = f. Let Wi and W2 be 
the subgroups of G fixing b{x) and d{x), respectively, so H < Wi, W2 < G. 
Putting W := <Wi,W2>, Corollary 12.31 implies that the chain of groups 
H < Wi nW2 < Wi < W < G corresponds to the chain of fields C{x) > 
C(/i(x)) > C(6(x)) > C(a(6(x))) > C(/(x)) with d,h e C[X], and by 
Lemma |2. 21 we have 6 = 60/1 and a = g o d for some b,g £ C[X]. Likewise, 
the chain of groups H < Wi n W2 < W2 <W<G corresponds to the chain 
of fields C(x) > C{h{x)) > C{d{x)) > C(a(6(x)) > C(/(x)), so d = doh and 
dob = CO d with c, d € C \X] , whence c = g oc and dob = cod. Finally, the 
statements about degrees follow from (j2.6i 3l and (|2.6i 5l. □ 

Corollary 2.9. Suppose a, b,c,d£ \ C satisfy a o b = c o d. 

(2.9.1) //deg(c) I deg(a), then a = cod for some d G C[X]. 

(2.9.2) //deg(d) | deg(6), then b = b o d for some 6 G C[X]. 

(2.9.3) /f deg(a) = deg(c), then there is a linear I G C[X] such that a = coi 
and b = o d. 

Assertion (12.91 3) implies that, up to the insertion of linears and their in- 
verses between consecutive indecomposables, a complete decomposition is 
uniquely determined by the sequence of degrees of the involved indecompos- 
ables. This yields a refinement of Corollary 12.41 

We now prove Theorem 12.11 

Proof of Theorem \2.1[ By Corollary 1 2 . 3 1 and Lemma [2. 51 the result is a con- 
sequence of the following lemma about chains of subgroups of /. □ 
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Lemma 2.10. Let J' be a set of subgroups of a finite cyclic group I, and 
assume that 1,1 ^ J and J is closed under intersections and products. Let 
1 = Ao < Ai < ■ ■ ■ < Aj. = I and 1 = Bq < Bi < ■ ■ ■ < Bg = I be two 
maximal increasing chains of groups in J . Then one can pass from the first 
chain to the second via finitely many steps, each of which involves replacing a 
chain 1 = Cq < Ci < ■ ■ ■ < Cr = I by a chain 1 = Dq < Di < • • • < Dr = I 
where Di = Ci for all i not equal to a single value j (with < j < r). 

Proof. We proceed by induction on [/[. So suppose the result holds for 
any cyclic group of order less than \I\. Let A = {Aq,Ai, . . . ,Ar) and B = 
{Bq, . . . , Bg) be maximal chains as prescribed. By the inductive hypothesis, 
the conclusion holds for any two chains containing Ar-i. So suppose Aj—i ^ 
Bg^i; maximality of the chains implies Ar-iBg-i = I, so there is no group 
in J' properly between Aj-^inBg-i and Ar-i (since Ar^iDBs^i < J < Aj-^i 
implies {JBg^i : Bs^i\ = \ J : J f] Bs^i\ = \J : Ar-i D Bs-i\). Let 1 = Uq < 
Ui < ••• < C/fc = Ar-i n Bs-i be a maximal increasing chain of groups 
in J' contained in Ar-i fl Bg-i] then U := {Uo,Ui, . . . ,Uk, A^-i, I) is a 
maximal chain in J'. By inductive hypothesis, we can pass from A to U 
by steps of the required type. In one more such step we replace U by 
V := (Uq, Ui, . . . , U^, Bs-i,I). Finally, by inductive hypothesis we can pass 
from V to i3 by steps of the required type, and the result follows. □ 

In light of Theorem 12.11 invariants of pairs of Ritt neighboring complete 
decompositions of / are invariants of any pair of complete decompositions 
of /. Lemma 12.81 implies the following result about the degrees of the inde- 
composables in a pair of Ritt neighbors. 

Corollary 2.11. Suppose indecomposable a,b,c,d E C[X] satisfy aoh = 
cod. Then either there is a linear I such that a = co I and b = o d, 
or gcd(deg(o), deg(c)) = gcd(deg(6), deg((i)) = 1 (in which case deg(o) = 
deg((i) and deg(6) = deg(c) ). 

In combination with Theorem 12.11 this result shows that the sequence of 
degrees of the indecomposables in a complete decomposition of / is uniquely 
determined (up to permutation) by /: 

Corollary 2.12. Pick f G C[X] with deg(/) > 1. Let {ui,...,Ur) and 
(vi, . . . ,Vs) be complete decompositions of f . Then r = s, and there is a 
permutation x of the set {1,2, . . . ,r} such that Ui and have the same 
degree for all 1 < i < r. 

We now show that x can be chosen so that Ui and share a finer in- 
variant than the degree: we can require them to have the same monodromy 
group. Note that the monodromy group is a permutation group whose de- 
gree equals the degree of the polynomial, so this result refines Corollary l2.12l 

Definition. Let G and G be permutation groups acting on sets 0, and 0, 
respectively. We say that G and G are isomorphic as permutation groups 
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if there is a group isomorphism (p: G ^ G and a bijection ip: 0, ^ such 
that V(w^) = for each a; G and r € G. 

Theorem 2.13. Suppose a,b,c,d € C[X] \ C satisfy a ob = cod and 
gcd(deg(a), deg(c)) = 1 = gcd(deg(6), deg(ci)). Then Mon(a) and Mon(d) 
are isomorphic permutation groups, and so are Mon(6) and Mon(c). 

Proof. Let x be transcendental over C, let t = a{b{x)), and let L be a 
normal closure of C{x)/C{t). Set G = Gal(L/C(t)). Let U, V, and H be 
the stabilizers in G of b{x), d{x), and x, respectively. 

Let N := HreG core of C/ in G; then A'^ is the kernel of the action 

of G on the set G/U of right cosets of U in G. Thus Mon(a) is isomorphic to 
G/N with respect to this action. Let C := fliigy be the core of H in 
then V/G, in its action on the coset space V/H, is isomorphic to Mon(d). 

Recall that G = HI with I cyclic. Since \U:H\ = deg(6) is coprime 
to \V:H\ = deg{d), we have UnV = H. Then \G:U\ = deg(a) = 
deg(d) = \V:H\ implies G = UV. Since G = UI, we have N = H^gc = 
Clrei^^ ^ Clreii^^^y = U^^- From C/nl < iV weget U = H{UnI) < 
HN, whence U = HN and VN = VHN = VU = G. 

Since H = U CiV and G = UV, we have 

G= n = Pi (t/ n F)^ = ( Pi n y = ( p U'')nv = nhv. 

veV v£V vGV v£UV 

Hence the natural map V G/N is surjective with kernel N nV = G, 
and thus induces a natural isomorphism V/C G/N. This isomorphism 
maps H/C to HN/N = U /N, so V/G and G/N are isomorphic permutation 
groups with respect to their actions on the coset spaces V/H and G/U, re- 
spectively. Thus Mon(d) and Mon(a) are isomorphic as permutation groups. 
The isomorphy of Mon(6) and Mon(c) follows by symmetry. □ 

Theorem 11.31 follows from Theorem l2.1l and the previous result. 

Remark 2.14. Letting a := and d := with gcd{i,n) = 1, 

we have aoX^ = X'^od, so Theorem 12.11 implies that a is indecomposable if 
and only if d is indecomposable. This has been observed previously, and has 
been regarded as mysterious (cf. [251 P- 140] or [5l p. 128]). It is explained 
by Theorem 12.131 since a polynomial is indecomposable precisely when its 
monodromy group is primitive. 

Remark 2.15. Beardon and Ng ^ studied the set ro(ii) of Euclidean isome- 
tries of a polynomial u € C[X] \ C, defined as the set of linear i € C[X] for 
which u o i = f. Writing 7(n) := |ro(it)|, they showed that if {ui, . . . ,Ur) 
is a complete decomposition of / then (7(^1), . . . ,'y{ur)) is uniquely deter- 
mined (up to permutation) by /. We now deduce this from Theorem 11.31 
Each element of ro(/) is an automorphism of C(x) which fixes C(/(x)); 
conversely, any such automorphism is a degree-one rational function fix- 
ing the unique preimage X = 00 of / = 00, and so lies in ro(/). Thus 
ro(/) = Ng{H)/H ^ Ng{H) n / is cyclic. If / is indecomposable and 
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^oif) 7^ {-^} then Ng{H) = G; since H contains no nontrivial normal 
subgroups of G (because L is the normal closure of /L^)^ we must 
have = 1 so G is cyclic of order 7(/). Thus the Beardon-Ng invariant 
amounts to the subsequence of cyclic groups among the Mon(nj). More- 
over, it is easy to see (cf. Lemma 13. 6p that G is cyclic of order n pre- 
cisely when f = ii o X" o £2 with ^1,^2 linear; this yields all but one of 
the new results in [5j. The remaining result is [5[ Thm. 1.2], which says 
7(0 o b) I 7(0)7(6); the above interpretation (and Corollarv l2.6p implies the 
refinements gcd(deg(6), 7(006)) = 7(6) and lcm(deg(6), 7(006)) | 7(o)deg(6). 

Remark 2.16. The crux of Lemma 12.81 is implicit in [31t pp. 59-60]; a pre- 
liminary explicit version is [10\ Thm. 2.2 and Thm. 3.1]. Our version first 
appeared in |371 p. 334]. Assertion (j2.9i 3) is due to Ritt [31, p. 56]; subse- 
quently, Levi [26l §2] proved it by comparing coefficients (an argument also 
anticipated by Ritt [33l p. 221]), and this proof later led to fast decomposi- 
tion algorithms [151 [23|. Corollary 12.111 occurs in [311 p. 57]. In case a,b,c,d 
are indecomposable. Theorem 12.131 is shown in the proof of [28\ Thm. R.2]. 

2.3. Ritt's second theorem and Ritt moves. Ritt's second theorem 
determines all Ritt neighbors, by solving the equation oo6 = codin inde- 
composable o, b,c,d S C[X]. This equation has the trivial solution a = co i 
and 6 = o d with ^ € C[X\ linear; by Corollarv 12. 11^ any other solu- 
tion satisfies gcd(deg(o), deg(c)) = gcd(deg(6), deg(d)) = 1. Ritt solved the 
functional equation assuming only this constraint on the degrees (and not 
assuming indecomposability): 

Theorem 2.17 (Ritt). Suppose a,b,c,d E C[X] \ C satisfy a oh = cod 
an(i gcd(deg(o), deg(c)) = gcd(deg(6), deg((i)) = 1. Then there are linear 
ij G C[X] such that (after perhaps switching {a,b) and {c,d)) the quadruple 
{£1 o ao £2, £2 ^'^ ° b o £^, £1 o CO £4, £^ ^'^ o do ^3) has one of the forms 

(2.17.1) (r„, Tm, Tm, Tn) or 

(2.17.2) (X", X"/i(X"), X^/i(X)", X"), 

where m,n > are coprime, s > is coprime to n, and h € C[X] \ XC[X]. 
We will prove Theorem 12.171 in the appendix. 

For applications, it is often useful to combine Theorem l2.17l with Lemma r2.8l 
in the following manner: 

Corollary 2.18. For a,b,c,d € C[X] \ C with deg(o) < deg(c), we have 
aob = CO d if and only if there exist d, 6, c, d, g, h, £±,£2 S C[X] such that £i 
is linear and the following three conditions hold: 

• 500 = 0, goc = c, deg{g) = gcd(deg(o), deg(c)); 

• boh = b, doh = d, deg(/i) = gcd(deg(6), deg(d)); and 

• the tuple (o o ^1 o b, c o £2, £2 ^'^ o d) has the form of either 
(|2T7i n or ([27171 2). 
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As noted above, if indecomposable a, b,c,d£ C[X] satisfy aob = cod, and 
if there is no linear i G C[X] for which (a, b) = {col, o d), then a, b, c, d 
satisfy the hypotheses of Theorem 12.171 In this situation, we refer to the 
replacement of a o 6 by c o d as a Ritt move. Thus, Theorem 12.11 says that 
one can pass from any complete decomposition to any other by a sequence 
of steps, each of which is either a Ritt move or is the replacement of consec- 
utive indecomposables a and 6 by aoi and ob for some linear i G C[X]. 
Note that the insertion of £ and does not affect the sequence of degrees 
of the indecomposables in a complete decomposition, and in a Ritt move 
two consecutive coprime degrees in this sequence are interchanged. Recall 
that a complete decomposition is uniquely determined by the sequence of 
degrees of the involved indecomposables, up to the insertion of pairs of in- 
verse linears between adjacent indecomposables. Now pick / € C[X] with 
deg(/) > 1, and let {ui, . . . , Ur) and (f i, . . . , Vr) be two complete decompo- 
sitions of /. Then the sequence (deg(ui), . . . , deg{vr)) can be obtained from 
the sequence (deg(iii), . . . ,deg{ur)) via finitely many steps, each of which 
involves interchanging two consecutive coprime entries. We note that there 
are examples in which every permutation of (deg(ui), . . . , deg occurs - 
namely, if / is X" or r„. However, it turns out that such examples are quite 
special, and in general there are further constraints on which permutations 
can occur. We will deduce these constraints in Section \^ naturally, they 
depend on the form of the polynomials Uj rather than merely their degrees. 

3. The polynomials involved in Ritt moves 

The difficulty in applying Ritt's results is that, after applying a Ritt 
move to an adjacent pair of indecomposables in a complete decomposition, 
it may happen that one of the resulting indecomposables can be involved 
in another Ritt move, and so on. In this section we prove various results 
about the special polynomials involved in Ritt moves, which will allow us to 
control all subsequent Ritt moves involving the resulting polynomials. We 
also give useful characterizations of these special polynomials. 

We will use the following terminology. 

Definition. We say /,<? € C[X] are equivalent if there are linear ii,i2 G 
C[X] such that f = hog 0^2. 

Definition. For / G C[X], we say / is cyclic if it is equivalent to X" for 
some n > 1, and we say / is dihedral if it is equivalent to T„ for some n> 2. 

Here the (normalized) Chebychev polynomial r„ is defined by the func- 
tional equation TniY + 1/Y) = + the classical Chebychev polyno- 
mial Cn{X) defined by Cn{0) = cos(n arccos 0) satisfies T„(2X) = 2Cn{X). 
Thus To = 2 and Ti = X, and in general = XTn-i — Tn-2, so r„ is a 
degree-n polynomial and for n > 1 the two highest-degree terms of T„ are 
X" and -nX"-2. Also, o (-X) = (-l)"r„ and o r„ = o T^. 
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3.1. Ramification. We will need some properties of the ramification in the 
cover TT/: — > corresponding to / G C[X], where x is transcendental 
over C and t = f{x) (and denotes the projective line with coordinate 
x). We use the standard notions of ramification indices, ramification points, 
and branch points for the cover tt/. We also refer to a point of P^ as a 
'special point' if it is unramified in vrj but its image is a branch point. In 
our concrete setting these notions have the following explicit definitions: 

Definition. Pick / G C[X] \ C. For xq G C, the ramification index of xq in 
/, denoted e/(a;o), is the multiplicity of xq as a root of f{X) — /(xq). The 
finite ramification points of / are the values ccq G C for which e/(xo) > 1. 
The finite branch points of / are the values /(xq), where xq is a finite 
ramification point. The special points of / are the values xq G C which are 
not finite ramification points, but for which /(xq) is a finite branch point. 

We briefly record some standard ramification facts in polynomial lan- 
guage. If ei, 62, . . . , Cfc are the multiplicities of the roots of f{X) — xq, then 
Mon(/) contains an element having cycle lengths ei, . . . , (but this fact is 
not used in this paper). Ramification indices are multiplicative in towers: 
for f,gG C[X] \ C and xq G C, we have e/og(xo) = ^fidixo)) ■ ^gixo)- The 
Riemann-Hurwitz formula for tt/ says 

deg(/)-l = 5;(e/(xo)-l); 
xoec 

since the finite ramification points of / are precisely the roots of the deriv- 
ative f'{X), this amounts to writing the degree of f'{X) as the sum of the 
multiplicities of its roots. We will also use the Riemann-Hurwitz formula 
for the Galois closure of the cover tt/, as well as the following variant of 
Abhyankar's lemma: 

Lemma 3.1. LetFi,F2 be finite extensions of C{x) whose compositum is 
E. Let Q be a place of F := Fi F2, let Pi be a place of Fi lying over Q, 
and let denote the ramification index of Pi/Q. Then for each place P of 
E lying over both P\ and P2, the ramification index of P/Q is lcm(ei,e2). 
// [Fi : F] and [F2 : F] are coprime, then there are precisely gcd(ei, 62) such 
places P. 

Proof Let L be the Galois closure of E/F, let G := Gal(L/F), and let Hi, 
H2, and H be the stabilizers in G of Fi, F2, and E, respectively. Let R 
be a place of L lying over Pi and P2, let / be the inertia group of R/Q, 
and let P be the place of E lying under R. Then the inertia groups of 
R/P and R/Pi are I D H and I D li] since H = Hi D H2, it follows that 
inH = {lnHi)n{InH2). Cyclicity of / implies \InH\ = gcd{InHi, InH2), 
so the ramification index of P/Q is \I:lnH\ = lcm(|7 : 7niJi|, \I ■.lnH2\) = 
lcm(ei, 62). 

Since G (resp. Hi) acts transitively on the places of R lying over Q 
(resp. Pi), and / is the stabilizer of R, fov g e G the place gR lies over 
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Pi if and only if 5 € Hil. Thus the places of E lying over Pi and P2 are 
the restrictions to E of places gR with g € Hil n H2I] since the restric- 
tions to E of and g2R are the same precisely when g2^gi € the 
number of places of E lying over Pi and P2 is H //2-^|/|^-^|- Note that 
\HI\ = \H\\I ■.Ir\H\ = \H\ lcm(ei, 62), so we must show that \HiI n H2l\ = 
\H\eie2- Assume [Fi:F] and [F2 : are coprime, or equivalently \G : Hi\ 
and \G : H2\ are coprime. Then \G : Hi\ divides \G : H\ = \G : H2\\H2 : H\, 
and so divides \H2:H\, so |G| < \Hi\\H2\/\H\ = \HiH2\, whence G = H1H2. 
Thus the set of right-cosets H\G has the same cardinality as Hi\G x H2\G; 
since gH 1— > {gHi, gH2) defines an injection p: H\G — > Hi\G x H2\G, 
it follows that p is bijective. Finally, = \I : I Ci Hi\ = \HiI\/\Hi\, so 
6162 = \p~^{HiI, H2l)\, whence indeed eie2\H\ = \HilnH2l\ as desired. □ 

We now characterize cyclic and dihedral polynomials in terms of their 
ramification. 

Lemma 3.2. Pick f G C[X] with deg(/) > 1. Then f is cyclic if and only 
if f has a unique finite branch point ( or equivalently, f has a unique finite 
ramification point). Likewise, f is dihedral if and only if f has precisely 
two finite branch points and every finite ramification point has ramification 
index 2; these conditions imply there are precisely two special points. 

Proof. If / has a unique finite branch point or a unique finite ramification 
point, then by Riemann-Hurwitz it has both a unique finite branch point a 
and a unique finite ramification point /?. Thus f{X + /?) — a has no nonzero 
roots, and so equals 'yX'^^^'^f\ 

Now suppose that / has precisely two finite branch points, and further 
that every finite ramification point has ramification index 2. Letting L 
denote the Galois closure of the extension C{x) / C{f {x)) , Lemma [3 . II implies 
that L/C(/(x)) is ramified over precisely two finite places of C(/(2;)) (both 
with ramification index 2) and over the infinite place (with ramification 
index n). By Riemann-Hurwitz we compute [L : C(x)] = 2, so Lemma 13.31 
implies / is dihedral. 

Finally, if / is cyclic or dihedral then it is well-known (and easy to verify) 
that the ramification of vrj is as described. □ 

Lemma 3.3. Pick f E C[X] with deg(/) > 1, let x be transcendental over 
C, and let L he the Galois closure of C{x)/C{f{x)). Then L = C(x) if and 
only if f is cyclic, and [L : C(x)] = 2 if and only if f is dihedral. 

Proof. If L = C(x) then all points of L lying over the same point of C(/(x)) 
are in a single orbit of Gal(L/C(/(x))), and so have the same ramification 
index. By Riemann-Hurwitz, it follows that / has a unique finite ramifica- 
tion point, so / is cyclic. Conversely, if / is cyclic then visibly C{x)/C{f{x)) 
is Galois, and likewise if / is dihedral then [L : C(/(x))] = 2. 

Henceforth assume [L : C(/(x))] = 2. Then each root of f{X) — f{x) has 
degree at most 2 over C(x), so f{X) — f{x) is the product of irreducibles 
$i(X, x) € C[X, x] each of which has X-degree at most 2. By symmetry, 
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also the x-degree of each ^i(X,x) is at most 2. The leading coefficient of 
^i{X,x) (viewed as a polynomial in X with coefficients in C[x]) divides 
the corresponding leading coefficient of f{X) — f{x), and hence lies in C*; 
likewise the same property holds if we interchange x and X, so ^i{X, x) has 
total degree at most 2. Since L ^ C(x), some has X-degree 2. Let Xi & L 
satisfy ^i{xi,x) = 0, so L = C{x,Xi). Since $j has total degree 2, the genus 
of L is zero, so L = C{z) for some z. 

Set X = b{z) with b € C{X) of degree [C{z) : C(x)] = 2. The infinite place 
of C(t) is totally ramified in each conjugate of C{x), so by Lemma l3.ll the 
infinite place of C(x) is unramified in C{z). Thus, after a linear fractional 
change of z and a linear change of x (and /), we have x = z + 1/z. 

For each C-automorphism a of C{z), the image z°' of z is a linear fractional 
change of z. If a fixes t := f{x), then a fixes the set of values of z which map 
to t = oo, namely {0,oo}, so z'^ = az*^ with a G C* and e G {1, —1}. Let 
T generate Gal(C(z)/C(x)), so z^ = 1/z. Then Gal(C(z)/C(i)) = C<r>, 
where C consists of the maps z az with a" = 1. The fixed field of 
C is C(z"), and the fixed field of C<t> is C{t) = C(2" + Thus 
t = i{z'^ + l/z") for some degree-one rational function i. Since ^(oo) = oo, 
in fact £ is a polynomial, so a linear change to t makes t = + 1/z". But 
f{z + l/z) = z" + 1/z" implies f = Tn, and the result follows. □ 

For n > 1, the unique finite branch point of X"' is 0, which is also the 
unique finite ramification point. For n > 2, the special points of T„ are 2 
and —2, which are also the finite branch points of r„. 

The analogous ramification characterization of X*/i(X)" is immediate: 

Lemma 3.4. Pick f E C[X] \ C and integers n > and s > 0. Then f 
is equivalent to X^h{X)^ for some h € C[X] \ XC[X] if and only if there 
exists xo € C such that ej(xo) = s and n \ ef{xi) for every xi ^ xq satisfying 
f{xo) = f{xi)- 

We do not give a ramification characterization of X*/i(X"). Instead we 
characterize these polynomials in a different way in Lemma 13.171 

Remark 3.5. Variants of Lemma 13.11 are classical, but we know no reference 
for this version; for instance, a special case is proved in [31]. We know of 
three other proofs of Lemma [3. 21 here we only discuss the most difficult part, 
where we assume that / has precisely two finite branch points and every 
finite ramification point has ramification index 2. Ritt |3H p. 65] argued 
as follows: since Mon(/) has an n-cycle, one can show there is only one 
possibility for the permutation representations induced by generators of the 
inertia groups in the Galois closure of vr/, so by topological considerations 
there is just one equivalence class of such polynomials /, whence / is dihedral 
since has the prescribed ramification. Versions of this argument appear in 
[121 Lemma 9] and [37' Prop. 4]. Levi [261 §13] proves this result by observing 
that, after composing with linears, we have n^(/^ — 4) = (X^ — 4)/'(X)^; but 
±T„ solve this differential equation, so one can deduce that / is dihedral by 
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showing there are at most two solutions in degree-n polynomials. Beginning 
with /2 - 4 = - 4)/i2, Dorey and Whaples P p. 97] factor / - 2 and 
/ + 2; upon substituting X = Y + and subtracting the expression for 
/ — 2 from that for / + 2, they find that 4Y" is the difference between the 
squares of two degree-n polynomials, which determines the polynomials and 
consequently the form of /. The advantages of our proof are that it uses 
similar methods to the rest of this paper, and also that Lemma [3.31 provides 
additional information which does not follow from these other proofs. 

3.2. Monodromy groups. We now show that and T„ are uniquely 
determined (up to equivalence) by their monodromy groups. 

Lemma 3.6. Pick f G C[X] of degree n > 1, and put G := Mon(/). Then 
G is cyclic if and only if f is cyclic, in which case \G\ = n. Likewise, if 
n > 2 then G is dihedral if and only if f is dihedral, in which case \G\ = 2n. 

Proof. Since G contains an n-cycle, if G is cyclic then |G| = n, and if 
G is dihedral and n > 2 then \G\ = 2n. The result now follows from 
Lemma 13.31 □ 

Remark 3.7. A different proof is given in [61 Thm. 3.8], using the fact that 
if the multiplicities of the roots of f{X) — xq are ei, . . . , then G has an 
element whose cycle lengths are ei, . . . , e^. There are only a few possibilities 
for the cycle structure of an element of a dihedral group, and in combination 
with the Riemann-Hurwitz formula for vrj this implies that if G is dihedral 
(and n 7^ 4) then / has precisely two finite branch points and every finite 
ramification point has ramification index 2. 

3.3. Decompositions. We now determine all decompositions of the special 
polynomials X", r„, X^/i(X"), and X'h{X)'^. First, X" = o X"/'^ and 
Tn = Tk o Tn/k for any divisor k of n, and (12.91 3) implies these are the only 
decompositions of X" and T„ up to equivalence: 

Lemma 3.8. If a,b G C[X] \ C satisfy aoh = X", then a = X^ o i and 
h = ^(-i)oX"/^ for some linear i G C[X]. //a, b G C[X]\C satisfy aoh = Tn, 
then a = Tk o i and b = o T^/k for some linear i G C[X]. 

Conversely, we now describe which compositions of cyclic polynomials are 
cyclic, and likewise for dihedral polynomials. 

Lemma 3.9. If a and b are cyclic, then a ob is cyclic if and only if the 
finite ramification point of a equals the finite branch point of b. If a and 
b are dihedral, then a o b is dihedral if and only if the special points of a 
coincide with the finite branch points of b. 

Proof. This is an immediate consequence of Lemma 13.21 and the multiplica- 
tivity of ramification indices. □ 

In practice, this result is often used in the following explicit form. 
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Corollary 3.10. Pick integers m,n and linear I, ii, £2 £ C[X]. Ifm,n > 1 
and X™ o ^ o X" = ^1 o X™" o £2, then £ = aX for some a £ C* . Ifm,n>2 
and Tm o £ oTn = £1 o T^n ° ^2, then £ = eX for some e € {1, — !}• 

Now we address the same question for polynomials of the forms X^h{X'^) 
or X^h{X)'^. We first observe that polynomials of these forms behave 
well under composition: o = X'^h{X'') where h{X) = 

h{XYh{X-'h{XY), and likewise X-'h{XY o X^h{XY = X'''h{XY. Con- 
versely, we now show that these are the only ways that polynomials of these 
forms can decompose. 

Lemma 3.11. Pick a,b,h S C[X] \ C and coprime positive integers s and 
n. If a oh = X'hiXy then a = X^h{X)'^o£ and b = £^-^^ o X^h{XY for 
some j,k > and some h,h,£ E C[X] with £ linear. If a o b = X^h{X^) 
then a = X^h{X^) o £ and b = £'^^'^^ o X^h{X^) for some j,k > and some 
h,h,£ C[X] with £ linear. 

Proof. Suppose aob = X^h{X)'^ . After replacing a and b by ao^^~^^ and £ob 
for some linear £ G C[X], we may assume a(0) = 6(0) = and a is monic. 
Write a = X^ YYjji^ ~ f^)^'^ ^ where (3 varies over the distinct nonzero roots of 
a. Since the various polynomials b — (3 are coprime to one another and to 6, 
it follows that W equals X'^ times an n^^ power. But j divides 6^06(0), which 
is coprime to n, so gcd(j, n) = 1 and thus b = X^h{X)^ for some h € C[X]. 
Every 6-preimage of (3 has ramification index divisible by n/ gcd(n, n/j); if 
n \ n0 then this yields too large a contribution to the Riemann-Hurwitz 
formula for b. Thus a = X^h{X)'^ for some h € C[X]. 

Now suppose a o b = X'^h{X^). For any primitive n*^ root of unity ^, 
we have a{b{CX)) = Ca{b{X)), so I^M^) implies a = Cao £3 and b{CX) = 

4"^^ o b for some linear £3 G C[X]. Thus b = p + for some /? G C, 

so replacing a and b by a(X-|-/3) and 6-/3 implies £3 = (^X. Since deg(ao6) 
is coprime to n, we have gcd(A;,n) = 1, so C := is a primitive n*^ root of 
unity, and we conclude from a = d^'^a o <^X that a = X^h{X"'). □ 

Remark 3.12. The fact that odd polynomials only decompose into odd poly- 
nomials was proved in \23i Prop. 1]; the analogous fact for decompositions 
of with n prime is [22l Thm. 4.3]. 

3.4. Equivalence. We now determine all equivalences between polynomials 
of the forms X", r„, and This enables us to describe 

all Ritt moves involving any prescribed polynomial. 

Lemma 3.13. If n > 1 and £i,£2 € C[X] satisfy £1 o X" o ^2 = X"^ , then 
£2 = aX and £1 = X/a" for some a € C*. If n > 2 and £i,£2 G C[X] 
satisfy £1 oTn o £2 = Tn, then £2 = eX and £1 = e^X for some e G {1, —1}. 

Proof. In either case, comparing degrees gives deg(£i) = deg(£2) = l, and 
comparing coefficients of X"~^ implies ^2(0) = 0, so £2 = ctX with q G C*. 
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If £i o X" o aX = X" then li = X/a". Now suppose that n > 2 and 
ii o Tn o aX = Tn- Since the ratio of the coefficients of X" and X"~^ in 
iioTnO aX is times the corresponding ratio in T^, we have a G {1, — !}• 
Since T„(-X) = (-l)"r„(X), this imphes h = d^X. □ 

Lemma 3.14. The polynomials Tn and X*^ are equivalent if and only if 
n<2. 

Proof. This fohows from Lemma 13.61 but we give an alternate proof. For 
n < 2, there is a unique equivalence class of degree-n polynomials. Now 
suppose n > 2 and Tn = ii o X" o £2 with ^1,^2 £ C[X] linear. Since the 
coefficient of X"^~^ is zero in both Tn and X", we must have £2(0) = 0. But 
then the coefficient of X"~^ in ^1 oX" 0^2 is zero, yet the coefficient of X"~^ 
in Tn is nonzero, contradiction. □ 

Lemma 3.15. Pick n,s>0 and h G C[X], and let f be either X^h{X)^ or 
X*/i(X"). // / is cyclic and n > 1 then h is a monomial. If f is dihedral 
then n < 2. 

Proof. If / = X'^h{X)"' is equivalent to X^ with A; > 1, then the unique 
finite branch point of / has just one /-preimage. If also n > 1 then each 
nonzero root of /i is a ramification point of / having the same /i-image as 
X = 0, a contradiction; thus h has no nonzero roots, so /i is a monomial. 

If / = X'^/i(X)" is equivalent to Tj. with k > 2, then each ramification 
point of / has ramification index 2; thus s < 2, so /i is non-constant, and 
each root a of h satisfies e/(a) > n so n < 2. 

Suppose £1 o X'^ o £2 = X'^/i(X") with k > I and the ii hnear. If n > 1 
then equating coefficients of X''~^ gives £2(0) = 0, so evaluating at X = 
gives ^i(O) = 0, whence /i is a monomial. 

Suppose h oTk o £2 = X^h{X"-) with k > 2 and the £i linear. If n > 2 
then the coefficients of X^~^ and X'^"^ on the right side are zero, but it 
is not possible for the corresponding coefficients on the left side to both be 
zero. □ 

We now describe the Ritt moves involving at least one dihedral polyno- 
mial. Here the crucial point is that if such a move has type (j2.171 2) then it 
can be rewritten as a move of type (|2.17[ 1). 

Lemma 3.16. Suppose n > 2 and a o b = cod where a, b,c,d G C[X] \ C 
satisfy gcd(deg(a), deg(c)) = gcd(deg(6), deg((i)) = 1. If c = Tn then d = 
eTm o i and a = e^Tm o i and b = i^^^'^ o T„ o ^ where i,i C[X] are linear 
and e G {1, —1}. If d = Tn then a = i o Tn o i and b = i^^^'^ o eTm and 
c = £ o e^Tni where £,£ & C[X] are linear and e G {1, —1}. 

Proof. First suppose c = T„. Since n > 2, Lemma 13.141 implies c is not 
cyclic. By Theorem 12. 17| there are linear £j G C[X] for which the quadruple 

Q := [£i o a o £2, £2 ^'^ o b o £^, £1 o c o £4, ^4 ^'^ o do £^) has one of the forms 
([2171 1) or (f2T7l 2). If it is ([2T7i n. then Lemma Ein] implies 4 = eX and 
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£i = e^X for some e E {1,-1}, and the result follows. So assume Q has 
the form (12. 171 2): we will show that, after perhaps changing the ifs, we can 

also write Q in the form (I2l71 1). Now c = (!.\~^^ o X'h{X)^ o 4"^^ where 
h G C[X], s > 0, and iV := deg(a). Lemma EIS] implies iV < 2. If iV = 1 
then a and d are linear, so aoh = cod can be written in the form of p. 171 1) 
as (Ti o a) o (a^^^^ o T„ o d) = T„ o (Ti o d). Now assume = 2, so n is 
odd (since gcd(deg(a), deg(c)) = 1). Since each ramification point of r„ has 
ramification index 2, we must have s = 1; thus X = is a special point 
of s'^h{X)^ , so ^4(0) is a special point of T„ and hence equals 2e for some 
e G {1, -1}. Thus £4 = aX + 2e where a G C*. Now £4 o X^ = aX^ + 2e = 

— eT2(7X) where 7^ = — ea, so d = — eT2 o Since T„(— eX) = — eT^, 

it follows that c o d = — eT2„ o 7^^ = (— eT2) o (T„ o 7^^^ ^^). Since also 
c o d = a o 6, by (j2.91 3) we have a = —eT2 o £ and 6 = l^^^"^ o T„ o 7^^ 
for some linear i. Combined with the expressions c = — eT„ o (— eX) and 
d = —eT2 07^3 this shows that (after perhaps changing the ij^s) the 
quadruple Q can be written in the form (j2.17[ l). 

One can use a similar (but easier) argument to prove the result when 
d = Tn, alternately, Theorem 12.131 and Lemma 13.61 imply a is dihedral, so 
the result follows from what was proved above. □ 

We now characterize the polynomials X'^h(X") in terms of their self- 
equivalences. 

Notation. For / G C[X] with deg(/) > 1, let r(/) be the set of linear 
e€C[X] for which there exists i G C[X] with iof = fo£. 

Note that r(/) is closed under composition and inversion, and hence is a 
group under composition. Further, r(/) contains the group ro(/) defined 
in Remark 12. 15[ 

Lemma 3.17. Pick f G C[X] with deg(/) = k > 1. Then T{f) is infinite 
if and only if there are linear £1,^2 G for which ^1 o / o £2 = X^ , in 

which case T{f) = {I2 ° ""^^ : a G C*}. Also |r(/)| = n > I if and only if 
there are linear £1,^2 £ for which ii o f o £2 = X^f{X'^) where s > 

and f G C[X] is neither a monomial nor a polynomial in X^ for any j > 1. 
In this case T{f) = {I2 ° : = 1} is cyclic. 

Proof. Pick linear £1,^2 £ such that g '■= £1° f o £2 is monic and has 

no terms of degrees A; — 1 or 0. If 5 7^ X^ then T{g) = {aX : a" = 1} where 
n is the greatest common divisor of the differences between degrees of terms 
of g, so T[g) has order n where g = X^f{X^) with s,/ as required. Since 
T{X^) = {aX : a G C*} and r(/) = £20 T[g) o 4"^\ the result follows. □ 

Much of Lemma 13.171 was proved in [2j, §3]. This result allows us to 
determine all decompositions of even polynomials: 
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Corollary 3.18. For f,g £ C[X] \ C andn> 1, we have foge C[X"] if 
and only if f = f(^x''^/scd(n,s)^ ^ ^(-i) and g = i o X^g{X''^) for some r > 
and some f,g,i € C[X] with I linear. 

Proof. Let ^ be a primitive n}^ root of unity. If f o g ^ C[X"] then f o g = 
f o g[(^X), so by Corollary 12.91 we have g = i o g{CX) for some linear i. 
Thus CX € ^{g), so Lemma 13.171 implies g = i o X'^g{X") o i where s > 
and g,i,i G with i,i linear; moreover, (X = io (ii-^) for some 

C G C*, whence C = C and I = -/X. Now o g{CX) = C'i^'^'^ o g, 

so f og = f o g{(X) = f oto C£('^) o g. Thus f = f olo ('£(-^1 so 
fo£={foi)o CX, whence fofe C[X'^/e=<^("'")]. □ 

Remark 3.19. Corollary 13.181 was proved for n = 2 in [23, Prop. 1 and 
Thm. 1], and for prime n in ^22^ Thm. 4.3]. 

We now determine the equivalences between polynomials of the form 
Note that a polynomial can be written in this form with dif- 
ferent values of s, n, and h; we now show that composing with linears does 
not introduce any essentially different expressions of this form. 

Lemma 3.20. Suppose f := and g := satisfy f = 

ii o g o £2, where h,h £ \ XC[X], the £i are linear, and m,n > 1 and 
r,s > 0. Then r = s and h G C[X™/ gcd(m,n)j^ moreover if f is nonlinear 
then £\ = 7X and £2 = aX with a, 7 G C*. 

Proof. We may assume deg(/) > 1, since otherwise the conclusion visibly 
holds. Since neither / nor g has a term of degree (deg(/) — 1) or 0, we 
must have £2 = aX and £1 = 7X with 0,7 G C*. Thus = 
7a''X''/i(a™X™), so r = s and G C[X"] n C[X"^] = CfX^^^^^"^'")], 

which implies the result. □ 

There can be nontrivial equivalences between polynomials of the form 
X^h{XY: for instance, X'^{X + l)^ = X'^{X - if o {X + 1). We now give 
a presentation of a polynomial which displays all such equivalences. 

Lemma 3.21. Pick h G C[X] \ XC[X] and coprime n > 1 and s > 0, 
and suppose that f := X^h{X)'^ is neither linear nor cyclic nor dihedral. 
Then f = h{Xr''Ui=iiX " A)""^'^/''' where h G C[X], m,ri > 0, q,, > 1, 
q = Y[i=iQij S^'^iQij^il/Qi) = 1; ^^^6 /3j G C are distinct, and h{(3i) ^ 0. 
Moreover, there is an expression of f in this form for which the following 
holds: for any linear £±,£2 G C[X] such that -^i o / o £2 = with 
h G C[X] \ XC[X] and coprime fi > 1 and s > 0, there exists i such that 
£1 = 7X and £2 = aX + /3j with 7, a G C*, where s = mriq/qi and h \ qi. 

Proof. Let S be the set of roots of /, so S consists of and the set of 
roots of h. Since / is neither linear nor cyclic, h is nonconstant, so since 
h ^ XC[X] it follows that h has nonzero roots. Each nonzero element of 
S is a ramification point of / with ramification index divisible by n; also, 
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e/(0) = s. Put m := gcd(e/(/3) : P £ S), and let Pi := 0, (^2, ■ ■ ■ , Pk be 
the elements of 5 for which qi := gcd(e/(/?)/m : (3 G S \ satisfies 
Qi > 1. Write Ri := ef{Pi)/m, so gcd(i?j,qj) = 1. Since qi \ Rj for i ^ j, 
we must have gcd{qi,qj) = 1. Putting q := Y[i=iQii it follows that / = 
h{X)""}ll'l^^{X - (3i)"^'-^'i/i^ for some h G C[X], where n := Ri/Ujj^iQj is 
a positive integer coprime to q^. 

The roots of / contribute at least (deg(/) — 1)/2 to the Riemann-Hurwitz 
formula for the cover vrj : -^F^ corresponding to /, and if equality holds 
then deg(/) is odd and every root has multiplicity at most 2. Pick linear 
^1,^2 G C[X] such that h o f o I2 = X^h{Xf, with h G C[X] \ XC[X] 
and coprime n > 1 and s > 0. Then the preimages of i[ (0) under / also 
contribute at least (deg(/) — l)/2 to the Riemann-Hurwitz formula for vrj. 
But the sum of the Riemann-Hurwitz contributions at all finite values is 
deg(/) — 1, so if ^^(0) 7^ then / has precisely two finite branch points, 
and every finite ramification point has ramification index 2, whence / is 
dihedral (by Lemma |3.2|) . contradiction. Thus £1 = 7X for some 7 € C*. 
Next, h I e/(/3) for every /3 G S" \ {^2(0)}, but n is coprime to s = 6/(^2(0)), 
so £2(0) = Pi and h \ qi for some i. Thus £2 = ctX + Pi for some a G C*, 
so "ff{aX + Pi) = X^h{X)^. Finally, equating the ramification indices of 
X = on both sides gives s = mriq/qi. □ 

Finally, we determine equivalences between X^h(X)^ and X'^h(X"^). 

Lemma 3.22. Suppose f := and g := satisfy g = 

0/0^2; where h,h C[X]\XC[X], the ii G C[X] are linear, andm,n > 1 
and r,s > are such that gcd(r, m) = gcd(s,n) = 1. // / is not linear or 
dihedral then r = s and h = for some Hq G C[X], and moreover li = 7X 
and £2 = OiX with a, 7 G C*. 

Proof. Since r(/) contains QX where C is a primitive n*^ root of unity, T{g) 
contains I \= l^^ ° C^2- Here i = QX + b with 5 G C, and there is a linear 
Ig C[X] for which 

X'-h(XY'' ol = loX'h{XT. 

If / is not cyclic then Lemma 13.211 implies l{fS) = 0; by equating the roots 
of multiplicity s on the two sides of the above equality, we obtain £(0) = 0. 
If / is cyclic then Lemma 13.151 implies /i G C*, so by Lemma 13.131 we again 
have l{fS) = l(fS) = 0. Thus, in either case, h{CX) is a scalar times h{X). 
Since these polynomials have the same nonzero constant term, it follows that 
h = h{X^) for some h G C[X] \ XC[X]. Since deg(g) = deg(/) is coprime to 
n, and deg(g) = r (mod n), we must have gcd(r, n) = 1. Now Lemma 13.201 
implies that ii = ^X and £2 = aX for some a, 7 G C*, and also r = s. Thus 
is a scalar times /i(X")'", so h is an m}^ power. □ 

Remark 3.23. If / and g satisfy the hypotheses of Lemma [3. 22 ^ and / is nei- 
ther linear nor cyclic nor dihedral, then we must have fc = 1 in Lemma 13.211 
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If / satisfies the hypotheses of Lemma 13.211 and / is not a nontrivial power 
of another polynomial, then m = \ and k < 2; this applies in particular 
when / is indecomposable. The non-dihedral hypotheses in the previous 
two lemmas cannot be removed: if n is odd then = Xh{X'^ — 2) for 
some squarefree h £ C[X], and consequently T„ + 2 = (X + 2)h{X)'^ and 
Tn — 2 = {X — 2)h{—X)'^. If / is linear or cyclic then the last assertion of 
Lemma 13.211 does not hold. 

4. Combining multiple Ritt moves 

Pick / G C[X] with deg(/) > 1, and let U = {ui,...,Ur) and V = 
{vi, . . . ,Vs) be complete decompositions of /. By Corollarv 12.121 s = r and 
the sequence (deg(?xi), . . . , deg{ur)) is a permutation of (deg(f i), . . . , deg{vr)) 
Thus there is a unique permutation a = au,v of {1,2,..., r} such that both 

• deg(ui) = deg(fo-(j)) for 1 < i < r; and 

• \i 1 <i < j <r satisfy deg(Mj) = deg(Mj) then a{i) < 

Here a defines a bijection between U and V, via a: Ui '>^cr{i)- 

In this section we use the permutation auy to obtain information about 
the shape of /. We begin with a simple observation: 

Lemma 4.1. // integers 1 < i < j < r satisfy (Tu,v{i) > ^w,v(j); then 
gcd(deg('Ui),deg(uj)) = 1. 

Proof. By Theorem l2.lt there is a finite sequence of complete decompositions 
U = Uo,ly(i, . . . , Um = V such that Uk+i is obtained from Uk by replacing two 
consecutive indecomposables a, h by two others c, d such that a o b = c o d. 
In this situation. Corollary 12.111 implies that either deg(a) = deg(c) (and 
deg(6) = deg(d)) or gcd(deg(a), deg(6)) = gcd(deg(c), deg(d)) = 1. Pick the 
minimal k for which au,u^{i) > cru^u^{j), so Uk is obtained from Uk-i by 
a Ritt move involving the indecomposables of Uk-i which correspond to Ui 
and Uj, whence these indecomposables have coprime degrees. □ 

We need more notation to state our results. For 1 < i, j < r, define 

/:C{U,V,i,j) = {k:l<k<i, a{k) < a{j)}; 

Cn{U,V,i,j) = {k : 1 < k < i, a{k) > cj(i)}; 

nC{U,V,i,j) = {k:i<k<r, a{k) < a{j)}; 

mZ{U,V,i,j) = {k:i<k<r, a{k) > a{j)}. 

Thus, for instance, CTZ{h(,V,i,j) is the set of positions of indecomposables 
in U which lie to the left of Uj, but which correspond to indecomposables 
in V lying to the right of the indecomposable corresponding to Uj . We also 
write 

LL{U,V,i,j)= n degK), 
and define LR{U,V,i,j), RL{U,V,i,j), and RR(U,V,i,j) analogously. 
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Proposition 4.2. Pick two complete decompositions U = {ui, . . . ,Ur) and 
V of some polynomial f G C[X], and pick k with 1 < k < r. Write LL = 
LL(U, V, k, k), and define LR, RL, and RR analogously. Then LR, RL and 
deg(ufc) are pairwise coprime, and there exist polynomials 

a of degree LL, 
d of degree RR, 

b, b, b, b of degree LR, 

c, c, c, c of degree RL, and 

u, u, u indecomposable of the same degree as Uk 

such that 

(4.2.1) ui o U2 o ■ ■ ■ o Uk-i = ao b and Uk+i o ■ ■ ■ o Ur = c o d; 

(4.2.2) bouk = uo b; 

(4.2.3) uoboc = couob; 

(4.2.4) Uk o c = cou; and 

(4.2.5) b ocou = CO uob. 

Proof. The coprimality assertions follow from Lemma [4.1[ Write p = deg(nfc). 
Put g = ui o ■ ■ ■ o Uk-i and h = Uk+i o ■ ■ ■ o Ur. Then / = g o ut o h and 
deg{g) = LL ■ LR and deg(/i) = RL ■ RR. Likewise, letting u denote the 
indecomposable in V corresponding to Uk, from V we get / = g o u o h 
where g,h £ C[X] have degrees LL ■ RL and LR ■ RR, respectively. By 
Lemma 12.81 there are a,b,g S C[X] such that g = aob and g = ao g, 
where deg(a) = gcd(deg(g'), deg(g)); since gcd{LR,RL) = 1, this means 
deg(a) = LL (so deg(5) = LR). Likewise, there are c,d,h & such that 

h = CO d and h = ho d, where deg((i) = RR and deg(c) = RL. This proves 
(i211). 

Applying Lemma [2.8l to (aobouk) o (cod) = (ao g ou) o (hod), we obtain 
aQ,b E C[X] such that aoftoufc = aQoband deg(ao) = gcd{LL-LR-p,LL-RL- 
p) = LL-p, so deg(6) = deg(6). Applying Corollarv l2.9l to aoibouk) = a^ob 
gives b o Uk = uob for some u € C[X]. A complete decomposition of b 
contains no indecomposable of degree deg(tifc) (since deg(6) = LR is coprime 
to deg(nfc)), so Corollary 12.121 implies u is indecomposable, which proves 
(012). 

Next recall that / = ao(g ouohod) where deg(^) = deg(c) and deg(/i) = 
deg(6). Since also f = ao{uobocod),hy Corollary 12.91 there is a linear 
£ € C [X] such that io g ouohod = uobocod. Putting c = log and b = h, 
we obtain couobod = uobocod. As above, Corollary 12.121 implies u is 
indecomposable, which proves (14. 21 3). 

Assertions (j4.2[ 4) and ()4.2i 5l follow by symmetry. □ 

Proposition 14.21 enables us to control the cumulative effect of a sequence 
of Ritt moves. We do this in three results: Proposition 14.31 addresses the 
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case that some indecomposable is neither cychc nor dihedral; Proposition 
the case that some indecomposable is dihedral; and the easier Lemma 14.61 
handles the case that every indecomposable is cyclic. 

Proposition 4.3. Let U = (ui, . . . ,Ur) and V he two complete decomposi- 
tions of f C[X]. Pick k with 1 < k < r, and put n = LR{U, V, k, k) and 
m = RL(U,V,k,k). If is neither cyclic nor dihedral, then there exist 
a,d,h & C[X] and (3,6 & C and s > with gcd(s, mn) = 1 such that 

ui o • • • o Uk-i = ao X" o (X + 6) 
Uk = {X-6)o X'h{XT + 
Uk+i o ■ ■ ■ o Ur = {X - (3) o o d. 
In particular, mn < deg(ufc). 

Proof. Let a,b,c,d,c,u,c,u,b be as in Proposition 14.21 so n and m are co- 
prime to each other and to deg{uk)- Since uj. o c = c o u and deg(c) = 
deg(c) = m is coprime to deg(ufc), Theorem 12.171 implies (because Uk is not 
cyclic or dihedral) that Uk = h o o £2 and c = 4~^^ o X"^ o £3 

for some h G C[X] \ XC[X], some linear (.j G C[X], and some s > which 
is coprime to m. By replacing h and ^3 by scalar multiples of themselves, 
we may assume li = X — 5 and (.2 = X + (3 with (3,5 ^ C If n = 1 then 
the result follows upon replacing a by a o 6 o [X — 5) and d by £3 o d. A 
similar argument applies if m = 1, so assume m,n > 1. Since Uk is neither 
cyclic nor dihedral, Lemma 13.81 implies that n^. o c = c o n is neither cyclic 
nor dihedral. Now 6 o (c o u) = (c o n) o 6, and also deg(c ou) = deg(c o u) 
is coprime to deg(6) = n, so by Theorem 12.171 we have 6 = ^4 o X" o £5 
and c ou = li^ o X'^h{X^) o £g for some h G C[X] \ XC[X], some linear 
ij G C[X], and some s > which is coprime to n. As above, we may assume 
£5 = X + 7 with 7 G C. Thus 

{X-5)o X™^/i(X™)" o^3 = WfcOc = con = (X-7)o X^"/i(X") o 4, 

so by Lemma [3. 201 we have 7 = 5 and /i(X™)'" G C[X"']. Since gcd(m,n) = 
1, it follows that h G C[X"'], which gives the result once we replace a by 
ao £4 and d by £3 o d. □ 

Proposition 4.4. Let U = {ui, . . . ,Ur) and V be two complete decomposi- 
tions of some f G C[X]. Pick k,i such that 1 < k,i < r and Uk is dihedral. 

(4.4.1) Ifi > k and RL{U, V,i — l,k) > 2, then UkOUk+i o • • • oui is dihedral. 

(4.4.2) Ifi<k and LR(U, V, i + 1, A;) > 2, then UiOUi+i o - ■ -ouk is dihedral. 

Proof. Since the proofs of the two parts are similar, we just give the details 
for (I4.4[ l). So assume that n := RL(U,V,i — l,k) satisfies n > 2. It 
suffices to prove the result in case i is chosen as large as possible so that this 
inequality holds (by LemmaESj). Thus we may assume i G TZC{U, V, i— 1, k). 
Write n := RL{U,V,k,k), so n | n. With notation as in Proposition 14.21 
we have Uk+i o ■ ■ ■ o Ur = cod where deg(c) = n, and also Uk o c = c o u 
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where deg(c) = deg(c) and gcd(deg(c), deg('Ufe)) = 1. Write = ii oT^ 0^2 
with m > 2 and £1,^2 hnear. Then Lemma 13.161 imphes c = £2 o eT^ o £3 
for some hnear £3 and some e G {1, —1}. Let g = Uk+i o Uk+2 o • • • o 
(and let g = X li i = k + 1). Then co d = g o h where h = Ui o ■ ■ ■ o Ur- 
By Lemma 12. 8| we have c = a o cq and g = a o qq, and also d = do o b 
and h = ho o b and cq o = go ° hQ, where a, b, cq, do, 50i ^0 ^ satisfy 
deg(a) = gcd(deg(c), deg(g)) and deg(6) = gcd(deg((i), deg(/i)). Lemma [STSl 
imphes that a = £2 ^'^ o (Tg o £4 and cq = £4 o T^^^ o £3 for some linear £4; 
by replacing cq, go and a by ^4 o cq, ^4 o g^ and a o ^\ we may assume 
£4 = 

By Lemma l4.lt for + 1 < j < i — 1, if gcd(deg(uj), n) > 1 then a{j) < 
cr{k); since h/n is the product of deg(uj) over all j for which k + 1 < j < i — 1 
and a{j) < cr{k), it follows that deg{g)/{n/n) is coprime to n. Plainly h/n 
divides gcd(deg(5), n) = s. Now s' := s/{n/n) divides deg{g)/{h/n), and 
so is coprime to n, and s'{h/n) = s divides n so s' | n, whence s' = 1 and 
h = ns. 

By definition, gcd(deg(co), deg(5ro)) = gcd(deg(do), deg (/io)) = 1 and cq o 
do = go ° ho. Since cq = T^/g o £3 = Tn o £3, Lemma 13.161 implies that 
go ° ho = eT^ o £5 for some linear £5 G C[X] and some e G {1,-1}. Thus 
Uk ° g ° ho = Uk o a o [go o ho) = £1 o T„ o eT,; o eT^ o £5 is dihedral. Now 
n is divisible by deg('Uj) (since i G 7^>C), and deg(/io) = deg(co) = n, so by 
applying Corollarv l2.9l to the decompositions hooh = h = Uio(nj+io- • -our) 
we find that ho = Ui o hi for some /ii G C[X]. Finally, since o g o ho is 
dihedral. Lemma 13.81 implies that u^o g oui is dihedral, as desired. □ 

Remark 4.5. Proposition 14.41 would not be true if we only required that 
RL{U,V,i -l,k) > 2, since for instance Tg o (-2 + X{X + if) o X'^ = 
T20T30 X{X'^ + 1) is not dihedral. 

The proof of Proposition 14.41 can be adapted to apply when is cyclic, 
although it leads to a result with a rather complicated formulation. Instead 
of doing this, we give a result which applies in the one situation not covered 
by the previous two results, namely when every Uk is cyclic. By Lemma [3.91 
the composition uo v of cyclic polynomials is cyclic if and only if the finite 
branch point of v equals the finite ramification point of u. Conversely, we 
now show that if each in a complete decomposition is cyclic, then we can 
group together blocks of consecutive u^s whose composition is cyclic, and 
any two u^'s whose relative positions are interchanged via a sequence of Ritt 
moves must lie in the same block. 

Lemma 4.6. Let lA = (ui, . . . , u^) he a complete decomposition of f £ C[X] 
in which each Ui is cyclic. Pick k with 1 < k < r, and suppose the finite 
ramification point of Uk differs from the finite branch point of n^+i . Then 
for any complete decomposition V of f , and any i with 1 < i < r, we have 
cuyij) <k if and only if j < k. 
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Proof. We first show that, in any Ritt move UjOUj+i = cod, the composition 
UiOUi+i is cyclic. The Ritt move cannot be of type (j2.171 1). since in that case 
Ui and Uj+i would be equivalent to Chebychev polynomials, and thus would 
have degree 2 (by Lemma I3.14p , contradicting the fact that their degrees 
are coprime. Thus the Ritt move is of type (j2.171 2). so Lemma 13.151 implies 
that Ui o Uj+i is cyclic. It follows that c and d are cyclic, and moreover (by 
Lemma 13. 9p the finite branch point of Uj+i equals the finite ramification 
point of Ui (so i ^ k). Furthermore, the finite branch point of Ui o Ui+i 
equals that of both Ui and c, and the finite ramification point of Ui o Uj+i 
equals that of both Uj+i and d. 

Let W = {wi, . . . , Wr) be a Ritt neighbor of Z^, so wj = Uj for j ^ + 
and tijOUj+i = WiOWi+i. Suppose first that Ui = Wioi and Uj+i = £^~^'^owi+i 
for some linear i. Then Wi and Wi^i are cyclic, Ui and Wi have the same 
finite branch point, lij+i and Wj+i have the same finite ramification point, 
and if i = A; then the finite branch point of w^+i differs from the finite 
ramification point of Wk- In the previous paragraph we showed that these 
properties also hold if Ui o Ui+i = Wi o Wi-^^i is a Ritt move, in which case 
we must have i ^ k. By Corollarv l2.11l it follows that these properties hold 
in every case. Thus, in every case, the finite branch point of w^+i differs 
from the finite ramification point of Wk, both Wk and Wk+i are cyclic, and 
cru,w{3) < ^ if and only if j < k. By induction, the same properties hold 
if U and W are contained in a finite sequence of complete decompositions 
of / in which any two decompositions are Ritt neighbors. Thus, the result 
follows from Theorem 12. II □ 

We can now give our new description of the collection of all complete 
decompositions of a polynomial. We begin with a decomposition U = 
(ui, ... ,Ur) oi f in which each Ui is either indecomposable or cyclic or di- 
hedral. We then move cyclic factors as far to the right as possible, by the 
following procedure. For each i = 1, 2, . . . , do the following: if Ui o Uj+i is 
cyclic or dihedral then replace Ui and Wj+i by Ui o Ui+i and repeat step i. 
Otherwise, if = goX"^ol with g G C[X] and i linear and m > 1 maximal, 
and Mj+i = i^'^^'^ o X'^h{X^) o i with i linear, h nonconstant, s > 0, and n 
is maximal, then put k := gcd(n,m), and assume A; > 1. If /i is a monomial 
then replace Ui and lij+i by g o x^^^ and /i(X")^ o £; otherwise replace Ui 
and tij+i by 5 o X'^/'^ and X''h{X^/'^)^ and X^ oi unless g o X"^/^ is hnear, 
in which case replace the new Uj and Uj+i by their composition and repeat 
step i. Having moved all cyclic factors to the right, now move some of them 
to the left as follows. For each i = \hl\, . . . ,2 do the following. If Ui-i o Ui 
is cyclic then replace Ui-i and Ui by Ui-i o Ui. Otherwise make no change 
except perhaps in case Ui = i o X^ o g with g G C[X] and i linear and 
m > 1 maximal, and Ui-i = |o X^/i(X)" o ^^i) with s > 0, h £ C[X] \ C, 
and n maximal. In this case, either make no change or choose a divisor 

> 1 of gcd(m, n). If Ui-i o X^ is dihedral, then replace ■Uj_i and Ui by 
Ui-i o X^ and X"^/^ o unless the latter polynomial is linear in which case 
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replace Ui-i and Uj by their composition. Otherwise replace and Ui 
by I o X'', X^h{X^Y/^ , and X"^/^ o and repeat step i unless X™/'^ o g 
is linear, in which case replace the new Ui and Uj+i by their composition. 
Finally, expand lA into a complete decomposition by replacing each cyclic 
or dihedral Ui by one of the following types of complete decompositions: 
if Ui = £i o X"^ o I2 then choose any permutation (pi, . . . of the prime 
factors (counted with multiplicities) of n, and replace Ui by ii o X^^ , ^ 
. . . , X'P" o £2; and similarly if Ui is dihedral. 

The results of this section and the previous section show that this proce- 
dure yields a representative of every equivalence class of complete decompo- 
sitions of /. The results of Section [3.41 control the different ways of writing 
the various polynomials Uj in the forms required in the procedure. 

We now prove a refinement of Theorem 11.41 Here we write Z for the set 
of polynomials of degree at least 2 which are equivalent to either X^h{X'^) 
or X^h{X)'^ for some h G C[X] and some coprime positive integers s, n with 
n > 1. Note that Z contains X™ for every m > 1, and Z contains for 
every odd m > 1 (and also for m = 2). Thus, an indecomposable is in Z if 
and only if it occurs in a Ritt move. Recall that f^^^ denotes the k^^ iterate 
of/. 

Theorem 4.7. Pick f G C[X] with n = deg(/) > 1. Let a, be C[X] \C and 
k > 1 satisfy r o s = f'^^\ and assume there is no g e C[X\ for which either 
= f ° 9 or b = g o f . Let U = {ui, . . . , Ur) be a complete decomposition of 
f . Then, for each i with 1 < i < r, we have: 

(4.7.1) Ifui^Z then m<2. 

(4.7.2) If k > 1 and Ui is neither cyclic nor dihedral, then either n > 
6deg(tii) > 6(2*=^2 orn> 2deg{ui) >2^ + 2. 

(4.7.3) If k > 3 and Ui is dihedral, then f = £ o eT„ o for some linear 
£ G C[X] and some e G {1, -1}. 

(4.7.4) If k > 2 and uj is cyclic for every 1 < j < r, then f = £0 X" o £(~^'^ 
for some linear £ G C[X]. 

Proof. Since /^'^^ = a o b, by Corollary 12.91 the nonexistence of g implies 
deg(/) f deg(a) and deg(/) f deg(6). Extend U to a complete decomposition 
= (til, . . . , Ukr) of f^''\ by putting Ui = Ui-r for r + 1 < i < kr. Let V = 
{vi, . . . , Vkr) be a complete decomposition of /^^"'^ such that a = vi o ■ ■ ■ o Ve 
for some e. The decompositions lA^ and V will be implicit in what follows: 
for instance, we will write <t(z), CTZ{i,j), and RL{i,j) in place of a^k v(t), 

Cn{U^,V,i,j), and i^L(^^V,i,j). 

Since deg(/) \ deg(a), there is an / with 1 < I < t such that cr(I) > e. It 
follows from Lemma l4.ll that cr(/ -1- jr) > e for < j < k. Since deg(/) f 
deg(6), there exists J with 1 < J < r such that a{J + {k — l)r) < e, so 
(t(J -|- jr) < e for < j < — 1. In particular, a{J + {k — l)r) < a{I), so 
Lemma l4?T] implies deg{uj) and deg(itj) are coprime. Thus, for 1 < z < r, we 
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have deg(/) > 2deg(uj); if Ui is neither cychc nor dihedral then deg(nj) > 4, 
so gTl2) holds for k = 2. 

Suppose henceforth that k > 2. For 1 < i < kr, we write CTZ{i) and 
LR{i) in place of CTZ{i,i) and LR{i,i), and we define TZC{i) and RL{i) 
similarly. Pick \ <i <r. If a{i) > e then J + jr G lZC{i) for < j < A;, so 
deg('Uj)*''~^ I RL{i)] in particular, deg(nj)''~^ | RL{I). li a{i + {k-l)r) < e 
then deg(n/)''-i | LR{i + {k - l)r); thus, deg{ui)'''^ j LR{J + (k - l)r). If 
a{i) < e < a{i + (/c — l)r) then there is a unique m with < m < — 1 such 
that a{i+mr) < e < a{i+{m+l)r). Thus I+jr E ClZ{i+mr) for < j < m, 
so deg(ti/)™ I Li?(i + mr); similarly deg(ttj)'^~™~^ | RL{i + (m + 

Pick i with 1 < i < r. Proposition 14.21 implies that Ui o c = c ou for 
some c,c, u G C[X] such that deg(c) = deg(c) is coprime to deg(Mj), where 
deg(c) is the largest element of {RL{i + mr) : < m < k}. Similarly, 
b o Ui = -u o 6 for some b,b,u E C[X] such that deg{b) = deg(6) is co- 
prime to deg(uj), where deg(6) is the largest element of {LR{i + mr) : 
< m < fc}. We showed above that b and c are not both linear; thus Theo- 
rem [2?T7] implies Ui G 2, which proves (j4.7[ l). In fact, either deg(6) deg(c) > 
min(deg(M/), deg('Uj))'^~^ > 2^~^ or there is some m with < m < k—1 such 
that deg(6)deg(c) > deg(u/)™ deg(uj)'=-™-2 > 2^-^. If deg(6) deg(c) < 
2^~^ then i ^ {/, J}, so since deg(u/) and deg(Mj) are coprime we obtain 
deg(/) > deg('Uj) deg{ui) deg(nj) > 6 deg(uj). 

If Ui is neither cyclic nor dihedral then Theorem 12.171 implies Ui is equiv- 
alent to both and where s, s > and /i, ^ G 
C[X]\XC[X] satisfy gcd(s, deg(c)) = 1 = gcd(s, deg(6)). By Lemma[322]it 
follows that Ui is equivalent to for some h G C[X]\XC[X] 
and some s > which is coprime to deg(6) deg(c). Thus deg(iij) > 1 -|- 
deg(6) deg(c), which implies (j4.7[ 2). 

Now suppose Ui is dihedral and /c > 4. If there is some j with 1 < 
j < r for which Uj is dihedral and RL{2r,j) > 2, then Proposition 14.41 
implies uj o ■ ■ ■ o U2r+i is dihedral. Putting h := uj o ■ ■ ■ o Ur, we have 
hof o Ul — ii o Tfnns o £2 for some linear ii, £2 G C[^], where m — deg(/i) 
and s = deg(ui). Note that s > 1 and m > 2 (since uj dihedral). By 
Lemma 13.81 we have 

h = £1 oTm 0^3, 

/ = £3 o T„ o £4, and 

Ul = £4 o o £2 for some linear £3, ^4 G C[X]. 
Putting g := Ul o ■ ■ ■ o uj-i, we have g o h = f, so o £3 = £5 o ?m o ^4 for 
some linear £5. Now Lemma 13.131 implies £4 o £3 = eX with e G {1,-1}, 
so / = ^4 o eT„ o £4, as desired. 

So assume there is no j as above. Since deg(u/) and deg('Uj) are coprime, 
they cannot both be even; by symmetry, we may assume deg(ui) is odd. 
Since J + 2r, J + 3r G 7^£(2r, /), our asumption on nonexistence of j implies 
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uj is not dihedral. This assumption also implies a{i) < e, since otherwise 
J + 2r,J + 3r G 7^£(2r,^). If / < i then, since a{i) < e < a{I), g3l2) 
would imply uj o ■ ■ ■ o Ui is dihedral, which by Lemma 13.81 would imply uj 
dihedral, contradiction. Thus I > i, and similarly (t(/) < a{i + r). Since 
<t(J + 2r) < cr(J + 3r) < e < a{I) < a{i + r), we have J + 2r, J + 3r G 
7lC{2r,i + r), so Proposition 14.41 implies Ui+r o • • • o n2r+i is dihedral; since 
z + r<I + r< 2r + l, it follows that uj^r is dihedral, contradiction. 

Finally, suppose every uj is cyclic. Since a{I) > a{J + 2r), by Lemma l46l 
the finite ramification point of Uj equals the finite branch point of itj+i for 
I < j < J + 2r, and hence also for 1 < j < kr. Thus /^^^^ is cyclic (by 
Lemma l3.9p . so / is cyclic, whence f = ii o o £2 with £i,i2 linear. Then 
the finite ramification point of Ur equals that of /, namely £2 likewise 
the finite branch point of ui = u^+i equals that of /, namely ^i(O). Since 
these points coincide, £2 o £1 fixes 0, and so has the form aX with a G C*, 
whence f = £2 o aX" o £2- By replacing £2 by a^/^^~'^'^£2, we may assume 
a = 1, proving (jiT7l 4l. □ 

We now give examples showing that the conclusion of Theorem 14. 71 cannot 
be improved. 

Example 4.8. The exceptions in ()4.71 3) and (14. 71 4) cannot be avoided. 
First, by Corollary 12.91 if n is a prime power then the hypotheses of Theo- 
rem |4?7l cannot hold. Now assume n > 1 is not a prime power. For any linear 

£ G C[X], if we put / := £oX"o£<-i) then = £ o X""" o £(-^) , so if e > 1 
is a prime power dividing n such that gcd(e, n/e) = 1, then a := £0 X^^/^^ 
and h := X^'' o satisfy /^'^^ = aoh and deg(/) \ deg(a), deg(6). Note 
that deg(a), deg(6) 00 as k ^ cg. 

Similar remarks apply to f := £ o eTn o £^^^'^ for any linear £ G C[X] and 
any e G {1,-1}. 

Example 4.9. The bounds in (14.71 2) are best possible. For instance, pick 
an integer m > 1 and let fi := X{1 + X^')^™ ' for < i < m. Then 
X"^ o fi = o X^, so f := fm° X'^ and k := m+1 satisfy /^'^^ = a o 5 for 
a '■= fm o fm-i o ■ • • o /o and b := X^™^ . Here deg(/) = 2*^ + 2 does not 
divide deg(a) or deg(6). By Lemma [3?2l fm is neither cyclic nor dihedral, 
since it has more than two finite branch points (because the 2™" roots of the 
derivative f!^{X) have distinct images under /m)- It follows from (14.71 2) that 
fm is indecomposable; alternately, indecomposability of fm is equivalent to 
primitivity of Mon(/m), which holds because Mon(/m) = Si+2^ (as follows 
from Hubert's theorem on monodromy groups of Morse polynomials, cf. [21^ 
§111] or [Ml §4.4]). Likewise, / := o o and A: := m + 2 satisfy 
fi^) = a oh where a := X^ o o X^ o fm-i o X^ o • • • o /q o X^ and 
6 := o /o o X^'""''^; here deg(/) = 6(2'^^^ + 1) does not divide deg(a) or 
deg(6). 
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Example 4.10. The bound on k in ()4.7I 3) cannot be improved in general. 
Pick coprime odd e, s > 1, and put f := X"^ o {X + 2) o Te o {X - 2) o X\ 
Then J^^) = aob where a := X^ o {X + 2) o o {X - 2) o X^ and b := 
X'oTeoX' o{X + 2)oTeo{X -2)oX'. Note that deg(/) f deg(a), deg(6), 
and also / is neither cyclic nor dihedral (by Lemmas 13.81 and I3.14p . 

Example 4.11. The bounds on k in (j4.7i l) and (|4.71 4) cannot be im- 
proved. For instance, pick any g G C[X] \ C and put / := X'^ ° g ° X^; 
then = a o b where a := X"^ ° g ° X"^ and b := X^ ° g o X^ , and plainly 
deg(/) \ deg(a), deg(6). li g = X + 1 then / is the composition of cyclic 
indecomposables, but / is not cyclic (by Lemma l3.9p . The hypotheses of 
(j4.71 1) are satisfied whenever f ^ which holds for a Zariski-dense sublo- 
cus of the locus of polynomials g of any prescribed degree greater than 3; 
explicitly, g := X'^ + X'^ + X is not in Z. 

We now deduce Theorem 11.41 from Theorem 14.71 We need the following 
simple result. 

Lemma 4.12. Pick f G C[X] of degree n > I. Pick a,b e C[X] and e > 
such that aob = /^^^ Then there exist a,b £ C[X] and i,j, k > such that 

a = /<*>oa and b = bof^^'> and aob = f^^\ 

and also a ^ f oh and b ^ hob for every h G C[X]. 

Proof. Let > be maximal such that deg(/)* | deg(a) and deg(g')-^ | 
deg(6). Then Corollary 12.91 implies a = 5^'^ o a and b = b o g^i'^ for some 
o, 6 G C[X]. Thus Z^'^) =aob = o a o 6 o /O'), so o (o o 6) = /(^"J') = 
j(«> o fi^^j^"^) , If i = then a o b = f^^~-'\ so the required properties hold 
since deg(/) does not divide deg(a) or deg(6). Henceforth assume i > 0. 
By I^M3), there is a hnear I G C[X] for which i o {a o b) = and 
/^*)o^ = f^^K Upon replacing a by ioa, we obtain the desired conclusion. □ 

Proof of Theorem \1.4\ Lemma [4. 121 gives everything but the bound on k. So 
suppose aob = f^^^ with /c > 0, where there is no g G C[X] for which either 
(^ = f°9 0'rb = gof. By Corollary l2.91 neither deg(a) nor deg(6) is divisible 
by deg(/). If / is indecomposable, Corollary 12.121 implies that each of a and 
b is either linear or the composition of indecomposables having the same 
degree as /; thus a and b must be linear, so = 0, whence k < log2(n). Now 
let U = (ni, . . . ,Ur) be a complete decomposition of /, and assume r > 1. 
Then n = deg(/) satisfies n >2 deg(Mj) > 4 for every i. If some Ui is neither 
cyclic nor dihedral, then (j4.7[ 2l implies k < log2(n). If every Ui is cyclic 
then (j4.71 4) implies k < 2 < log2(n). Finally, if some Uj is dihedral then 
(j4.71 3) implies k < 3, so k < log2(n) whenever n > 8. Since n is composite, 
the only possible exceptions are n = 6 (for which k = log2(n + 2)) and 
n = 4. But if n = 4 then the degrees of a and b are powers of 2 which are 
not divisible by 4, so deg(a), deg(6) < 2 and thus A; < 1 < log2(n). □ 
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Remark 4.13. The above proof shows that if n 7^ 6 then the bound on k can 
be improved to A; < log2(n). This improvement is not possible for n = 6, 
since / = T3 o 2T2 satisfies = {T3 o 2T3 o {4T3 + 6)) o {T4 o 2T2) (and / 
is neither cychc nor dihedral). 

5. Related topics 

We now briefly discuss some related topics. First, any polynomial (or 
rational function) over any field has only finitely many equivalence classes 
of decompositions. However, in most situations we know much less about 
these decompositions than we do in the case of polynomials over C. 

5.1. Decomposition of rational functions. Ritt [321 [33] studied decom- 
positions of rational functions over C. He recalled [331 P- 222] that the groups 
A4, 5*4, and act as groups of automorphisms of C(x), with fixed field C(/) 
where the equivalence classes of decompositions of / are in bijection with the 
(increasing) chains of subgroups of the relevant group. Since these groups 
contain distinct-length maximal chains of subgroups, the rational function 
analogue of Theorem 12.11 is not true. Further examples of distinct-length 
complete decompositions can be produced from group actions on the j = 
and j = 1728 elliptic curves. There are only a few known theorems limiting 
the possibilities, the best being Ritt's classification of pairs of commuting 
rational functions p2]. For the current state of knowledge, see |27j . 

5.2. Decomposition of polynomials over other fields. All results and 
proofs in this paper work over arbitrary algebraically closed fields of char- 
acteristic zero. All but two of our results remain valid over an arbitrary 
algebraically closed field whose characteristic does not divide the degree of 
the relevant polynomials; the exceptions are Lemmas 13.21 and 13.91 This gen- 
eralization only presents difficulties for Theorem 12.171 where it was done 
by Zannier (cf. [38] or \35\ §1.4]). There are versions of all results in this 
paper (with the above two exceptions) over any field K whose characteristic 
does not divide the degree of the polynomial / € [^] under consideration; 
this is because in this situation every decomposition of / over the algebraic 
closure K is equivalent to a decomposition over K \26\ §2]. (For instance, 
see \35\ p. 25] for a version of Theorem 12. 171 in this situation.) However, new 
phenomena occur when the characteristic divides deg(/): 

• An indecomposable polynomial over K can decompose over K; how- 
ever, Guralnick and Saxl [19] proved this can only happen for poly- 
nomials of degree either a power of the characteristic, or 21 or 55. All 
examples of degree 21 or 55 were determined in |20j . Several families 
of examples of degree a power of the characteristic were given in |4j , 
in addition to some partial classification results. 

• Two complete decompositions of / can have distinct lengths [9l 
p. 98]; see |4j for further examples, and ^ for classes of indecom- 
posables which cannot occur in any such examples. 
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• There are decomposable odd polynomials which are not the compo- 
sition of two nonlinear odd polynomials [4J. 

Several of the results from Section [2^2] remain valid for decompositions into 
monic polynomials over any ring in which the degrees of the polynomials are 
units. We will expand on this point elsewhere. 

5.3. Monodromy groups of indecomposable polynomials. In light of 
Theorem 1 1.3 1 it is of interest to determine the possible monodromy groups of 
indecomposable polynomials. This was done in [11^ I28j. according to which 
the possible groups are cyclic, dihedral, alternating, symmetric, and finitely 
many other groups of small degree. The analogous problem in positive 
characteristic is much more difficult: a reduced list of group-theoretic possi- 
bilities is given in [18], and there are families of indecomposable polynomials 
whose monodromy groups are quite different from the groups occurring in 
characteristic zero (see [H |20] and the references therein) . The latter fam- 
ilies have remarkable properties: for instance, they include infinite families 
of pairs {f,g) of non-equivalent indecomposables such that f{X) — g{Y) is 
reducible; and also they include several families of polynomials / € IFgi^] 
for which the map a i— > f{a) induces a bijection on F^k for infinitely many 
k. 

5.4. Algorithms. Zippel [41j discovered a deterministic polynomial-time 
algorithm for finding a complete decomposition of a rational function / over 
an arbitrary field K. In case / is a polynomial of degree not divisible by the 
characteristic of K, the algorithm in [15] (following |24j and |26j ) obtains 
such a decomposition in essentially linear time. By combining this algo- 
rithm with Ritt's results, one can compute representatives of all equivalence 
classes of complete decompositions of / by means of 0(deg(/)^) arithmetic 
operations. Our results yield a faster algorithm, with optimal complexity. 
We will present the details elsewhere. 

Appendix: Ritt's second theorem 
We now prove Theorem 12.171 

In Section [2] we showed that many problems about polynomial decompo- 
sition reduce to questions about subgroups of the inertia group at infinity. 
However, there is no such reduction for the present question: besides the 
ramification at infinity, we need to keep track of the ramification at finite 
points as well. The problem amounts to the determination of all genus-zero 
curves of the form a{X) = c(Y) with a, c polynomials of coprime degrees. 
We solve it by comparing contributions to the Riemann-Hurwitz formula 
for the covers corresponding to each of a, b, c, d, where aob = cod. 

Proof of Theorem \2.17\ Pick a,b,c,d £ C[X] \ C such that aob = cod 
and gcd(deg(a), deg(c)) = gcd(deg(6), deg((i)) = 1. Write m := deg(c) and 
n := deg(a), so gcd(m,n) = 1 and also m = deg(6) and n = deg{d). The 
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result is clear if min(m, n) = 1, so assume m,n > 1. Let x be transcendental 
over C, and put t = a{b{x)). 

Let Pi, . . . ,Pk be the finite branch points of F]. — s- ¥j . For any i with 
1 < i < fc, let Qi, • • • , Qg^j-j be the points of F^^^^^ lying over Pi, and let 
a*- be the ramification index of Q^j/Pi. Likewise, let R\, . . . , R^^^--^ be the 
points of 1P^(-^.^ lying over Pi , and let /3j be the ramification index of i? j / Pi . 

Then n = Yl'j=i ^ — Sj=i f^j- Lemma \3A] each point 5 of P;|, 

lying over both Q*- and -Rj has ramification index lcm(a*-,/3j) in ^ Pf , 
and hence has ramification index lcm(a*-, in P^ ^d{x)' Moreover, 
the number of such points 5 is gcd(a*, Thus, for each i, some a* or 
Pj is greater than 1. Let Ai and Bi be the multisets {a^, . . . , a*^.^} and 
{PI, . . . respectively. By applying the Riemann-Hurwitz formula to 

the covers P^^^^ and P^ P^^^^, we obtain 

k q{i) k 
i=l j=l i=l 

5J5J5Jgcd(a;,/3}). -I 1 

i=ij=ij=i V Pj / 

k 

E E E("-g^d(a,/3)). 

i=l aeAi /3£Bi 

Combined with the analogous expressions for m — 1, these equations imply 
that Ai and Bj satisfy the hypotheses of Lemma A below, in which we will 
determine the possibilities for Ai and Bj. We now determine the correspond- 
ing polynomials. If (CI) holds then some i has these properties: Pi has a 
unique preimage in P^^^-j, there is a unique J for which s := f3j is coprime 

to n, and further n \ f3j for all J ^ J. By replacing a and c hy £i o a and 
li o c with ii linear, we may assume Pi = 0. By replacing a and 6 by a o £2 
and £2 ° ^1 may assume 6 = is the unique root of a (and also that 
6 = 1 lies above t = 1), and likewise we may assume d = is the unique 
root of c having multiplicity s. Then a = X" and c = X^H(X)"' for some 
H G C[X]. For any /, j, and J, each point of F^. lying over Qj and i?j has 
ramification index aj/ gcd(aj,/3j) in F], Since a*]^ = n divides /5j 

whenever Qj 7^ 0, and also = 1 if / 7^ z (because n — 1 = X]/(n — |^/|) 
and n = Uj), it follows that d = is the unique finite branch point of d. 
Upon composing b and d on the right with a linear, we may assume d = X". 
Then aob = co d becomes 6" = X^"F(X")'^, whence b = CX^i?(X") 
with = 1. Replacing by ("if puts the quadruple (a, 6, c, d) in the form 



n — 1 = 
n — 1 = 
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()2.17I 2). By symmetry, {c,d,a,b) has this form (after composing with lin- 
ears) if (C2) holds. So assume the Ai and Bj satisfy (C3). Then f = a o b 
has just two finite branch points, and every finite ramification point has 
ramification index at most 2, so Lemma 13.21 imphes that / is dihedral. Now 
the result follows from Lemma \3S\ □ 



Lemma A. Pick coprime m,n > 1, and let Ai, . . . , Ak and Bi, . . . , be 
multisets of positive integers such that, for each i, either Ai or Bi (or both) 
contains an integer greater than 1. Suppose further that 

(HI) a = n and (5 = m for each I < i < k; 

k k 

(H2) ^(n-|A,|) = n-l = ^ ^ ^(a-gcd(a,/3)); and 

1=1 i=l aeAi l3£Bi 

k k 

(H3) ^(m - \B,\) =m-l = Y,Yl Y.^^' gcd(a,/3)). 

1=1 i=l a£Ai (3&Bi 

Then one of these holds: 

(CI) For some i we have Ai = {n}, one element of Bi is coprime to n, 
and all other elements of Bi are divisible by n; or 

(C2) For some i we have Bi = {m}, one element of Ai is coprime to m, 
and all other elements of Ai are divisible by m; or 

(C3) k = 2 and the largest element of Ai U A2L) BiU B2 is 2. 

Proof. If [ylil = 1 then ()Hip implies Ai = {n}; thus, by ()H2p . at most one 
element f3 of Bi is not divisible by n. Since n is coprime to m = X^^g^^ (3, 

it follows that n is coprime to f3, so (CI) holds. Similarly, if \Bi\ = 1 then 
(C2) holds. Henceforth we assume \Ai\, \Bi\ > 1 for each i; by ()H2|1 . we have 
\Ai\ < n for at least two values i (so A; > 1), and also \Bj\ < m for at least 
two values j. We may assume < ^• 

Now suppose that, for each i with 1 < i < k, we have 

(PI) n-\A\=J2 E - /^))- 

We first show that \Bi\ < (m+l)/2 for i € {1, 2}. If 1 ^ then Jm]) implies 
the stronger inequality < m/2, so assume 1 G Bi. Since \Ai\ < n, by 
(jPip and (IHip we see that Bi contains precisely one copy of 1, and every 
other element of Bi is divisible by every element of Ai. But some element 
of Ai is at least 2 (since \Ai\ < n), so all but one element of Bi is at least 2, 
whence \Bi\ < (m + l)/2 with equality just when Bi = {1, 2, 2, . . . , 2} and 
every element of Ai is at most 2. 

Now m — 1 = X^^=i(?7i — \Bi\) > (m — |-Bi|) + (m — |i?2|) > m — 1, so for 
i € {1, 2} we have \Bi\ = (m + l)/2, whence Bi = {1, 2, 2, . . . , 2} and every 
element of Ai is at most 2. Moreover, if k > 2 then IB^I = m, so -B3 = 
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{1, 1, . . . , 1}; thus (fPTjl says that n- \As\ = Y^aeAs mia-l) = m{n- l^sl), 
so l^sl = n and ^3 = {1,1,...,!}, contradiction. This gives (C3), and 
concludes the proof if ()Pip holds for every i. 

For each i with 1 < i < k, and each a & Ai and (3 £ Bi, define 

z{i, a) := 1 — a + {a — gcd(a, 

l3eB, 

y{ij) :=!-/?+ Y,0-Scd{a,P)) 
■■= ^ z{i, a) = \Ai\ - n + ^ X] ~ gcd(a, 
Y{i) := ^ p) = \Bi\-m+Y, Y^^f^' '^))- 

Thus X]i=i ■^(0 = 0> ™d we have already proved the result if every Z{i) = 0, 
so we may assume Z{1) < (because Z{i) = if \Ai\ = n). Likewise we 
may assume Y{I) < for some I. We will deduce a contradiction. We 
compute 

k k 

Y,{mn-Y, E ^)) = E E E ("^ - P)) 

i=l aeAi l3eBi i=l aeAi jSeBi 

k 

= m-i + Y, E E("/5-^) 

i=l aeAi P&Bi 
k 

(P2) = m - I + ^m{n - \Ai\) 

i=l 

= m — 1 + m{n — 1) = ran — 1. 

(In the setting of Theorem 12.171 this is Riemann-Hurwitz for P;^ — > Pj^). If 
Z{i) < then 1 ^ Bi, so \Bi\ < m/2 and thus X^aeA, X^/3G-Bi z'^) — 

\Bi\ YlaeA ^ ~ 1-^*1"' — 'T'"T'/2; similarly, the same conclusion holds if y(i) < 
0. But (IP2p implies there is at most one i satisfying this conclusion, so / = 1 
and Y{i), Z{i) > for i > 1. Since Yl\=i ■^(^) = 0> have Z{i) < —Z{\) 
for i > 1, and likewise Y[i) < — y(l). Since Z{1) < 0, also z{l,a) < for 
some a (z Ai. Thus a is not coprime to any element of Bi , and a divides all 
but at most one element of Bi, so there exists D > 1 dividing both a and 
every element of Bi. Then X^/jgBi = m is divisible by D, so D is coprime 
to n and thus some a' G Ai is not divisible by D. For f3 £ Bi we have 
gcd(a',/3) < /3/2, so E/jgSi (/? " gcd(a', /?)) > m/2. Also < m/D < 
m/2, so m — \Bi\ = m/2 + 6 with 5 > 0, and similarly n — \ Ai \ = n/2 + 7 
with 7 > 0. Thus y(l) > \Bi\- m + E/3gBi(/? - gcd(a',/?)) > -5, so 
y(i) < (5 for any i > 1. For any i > 1 we have n — \Ai\ < n — 1 — {n/2 + 7) 
(by (|H2P ). so \Ai\ > n/2 + 7 + 1, whence the number of I's in Ai is at least 
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E„g^,(2-a) = 2\A,\-n > 2(7+1). ThusYW > \B,\-m+2ij+l){m-\Bi\), 
so 6 > {2j+l)(m—\Bi\) . Since \Bi\ < m for some z > 1, we obtain 5 > 2j+l. 
Similarly, 7 > 2(5 + 1 > 47 + 3, which is impossible since 7 > 0. □ 

Remark. The proof of Theorem 12. 171 becomes simpler if we assume in addi- 
tion that a and b are indecomposable, or more generally that neither a nor 
c has the form i o o / with (. linear, e > 1, and / not a power of a linear 
polynomial. The latter condition is equivalent to requiring that, for each z, 
if > 1 then the elements of Ai have no common factor exceeding 1; and 
similarly for Bi. If = 1 then the beginning of the proof of the Lemma 
shows (CI) holds. So assume \Ai\ > 1 for every i, and similarly \Bi\ > 1. 
Since the elements of Ai have gcd 1, for (3 £ Bi we have y{i,l3) > 0, with 
equality just when f3 is coprime to an element of Ai and divides all other 
elements of Ai. Thus Y(i) > 0; since 

Ei=i ^(0 = 0> it follows that Y{{) = 
for every i, so y{i, f3) = for every i and (3, whence the above equality con- 
dition holds. In particular, if we pick i such that \Bi\ < m, then Bi contains 
an element /3 > 1, so \Ai\ < (n + l)/2. Since n — l = X^j(ra— \Ai\), there are 
at most two values i for which \Bi\ < m, so there are exactly two and each 
satisfies \Ai\ = (n + l)/2, whence Ai = {1, 2, . . . , 2} and further the largest 
element of Bi is 2. For any other i, (jH2|) implies \Ai\ = n, so Ai and Bi 
consist solely of I's; this contradicts our hypothesis, so k = 2 and thus (C3) 
holds. This proves Lemma A, and the theorem follows as above. 

Remark. Our proof of Theorem l2.17l is a simplified and rearranged version of 
Ritt's proof. Ritt's proof looks rather different, since he worked in terms of 
the monodromy group of the Riemann surface for f{x) — z, and gave a cum- 
bersome description of elements of this group via their action on branches. 
This is logically equivalent to what we did above, but it was viewed by some 
as being unduly difficult. Consequently, several authors rewrote Ritt's proof 
in other languages, usually under the simplifying assumption that a, b, c, d 
are indecomposable. In this special case, Ritt's proof has been rewritten in 
terms of polynomial arithmetic ([26], [251 §2 of Ch. 4] and [8]), valuation 
theory [9], and group theory [28]. Ritt's proof of the full Theorem 12.171 has 
been translated into the language of polynomial arithmetic [34, §5], as well 
as into a language closer to ours [71 Thm. 6.1]. There is also a valuation- 
theoretic version of Ritt's proof [37], including a different proof of Lemma A. 
Finally, as in the previous remark, it is easier to prove Theorem 12.171 when 
neither a — a nor 6 — a is a nontrivial power of a nonlinear polynomial for 
any a € C; one can deduce the full result from this by a different kind of 
argument [38] (see also [Ml §1.4] or [30, §9]). A flawed attempt at such 
an approach is [131 Thm. 2]. Our proof is arranged quite differently from 
previous ones, and we hope this makes it more understandable. 
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